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experimentally use the method of presentation adopted by 
Profs. Page and Adams.’’—Nature. 
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THE SENSITIVE FLAME 
By E. N. pa C. ANDRADE, Pu.D., D.Sc., F.R.S., 


Quain Professor of Physics in the University of London 


Twenty-fifth Guthrie Lecture, delivered 4 April 1941 


§ 1. INTRODUCTION 


AM deeply sensible of the honour which the Society, of which I am proud 
| to be a Fellow, has done me by asking me to deliver this lecture, to which the 

honoured name of Guthrie is attached. It was with some diffidence that 
I accepted the invitation, for to follow those who have given the lecture in previous 
years might well give pause to men of mightier metal than myself. Lean fare, 
however, is the rule in war, and | feel that, whereas in normal times you might 
expect an intellectual feast, your demands in these days will be more modest, 
and you may perhaps be disposed to be satisfied with the simple dish that I can 
offer. My choice of a subject has been, in any case, considerably restricted by the 
total destruction of my laboratory with most of my papers and all my slides.* 
I am, therefore, bold to come before you with a simple theme, and I know that 
from an audience where I see so many old friends I can hope for indulgence. 

Guthrie was interested in the subject of sound and, in fact, was the first to 
draw attention to the attraction exercised by a vibrating prong on light bodies, 
an effect to which much attention was afterwards given and which I myself 
had to study in some work which I did on Kundt’s tube. Now in 1858, when 
Guthrie was about twenty-five years old, a certain Professor Leconte noticed 
a gas flame at a concert which exhibited pulsations which were synchronous 
with what he called ‘‘ audible beats ’’—certain features of the music, let us say. 
This was the phenomenon afterwards so well known as the sensitive flame, a 
phenomenon which Guthrie must often have showed and which certainly nearly 
everyone here must have demonstrated at one time or another. Owing to its 
beauty and the simplicity of the apparatus needed, it is shown every year to a host 
of students, but, strangely enough, although the phenomenon is nearly eighty 
years old, the explanations which accompany it are either indefinite or demon- 
strably wrong. 


* The slides shown during the lecture I owed to the good offices of the Honorary Secretary 
for Business, who was instrumental in having them prepared from surviving prints. 
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It was in the hope of finding an explanation of what is a puzzling pheno- 
menon that I started investigations which continued at intervals over some 
years. The results of these investigations I am about to lay before you, 
relying, to retain your interest, on the fact that the flame may have teased your 


curiosity at some time or other. The investigations have led me in one or- 


two places into rather wider fields than would at first have seemed relevant. 
I must not weary you with further excuses, but begin my story. 


§2, PREVIOUS WORK ON THE SENSITIVE FLAME 

Our knowledge of the sensitive flame up to the end of the last century is 
exposed in the second volume of Lord Rayleigh’s classic work, but it may be 
well, perhaps, to summarize very briefly the position from which I started. 
The name “ sensitive flame ”’ is only adventitiously attached to the phenomenon, 
which can be demonstrated in a less complicated aspect with jets of air, dis- 
tinguished by admixture of smoke, in air; or jets of coloured water in water. The 
problem is really that of the temporary instability, provoked by regular vibrations 
in the medium, of steady jets of fluid projected into the same fluid. Surface 
tension, originally invoked as an explanation, plays no part at all. As regards 
the fundamental experimental facts, Tyndall considered that he had shown that 
the sound is only effective if it falls on the root of the flame. This is, however, 
not strictly correct, but that the sound is much more effective at this spot than 
it is if applied higher up the jet is true and significant. 

Another fundamental fact was demonstrated by Rayleigh, namely, that it is 
variations of amplitude, and not variations of pressure, that produce the in- 
stability: the flame is unaffected at the nodes, and becomes turbulent at the 
loops, of a stationary wave. Rayleigh, who introduced the method of strobo- 
scopic observation, gave it as his opinion—“ the answer is still, perhaps, in some 
cases open to doubt ’’—that the phenomenon was one of increasing sinuosity, 
not increasing varicosity,* a view which the present work bears out. He also 
stated that the kinematic viscosity of the fluid was the factor that determined the 
maximum velocity for non-turbulence and the region of frequency within which 
the jet is sensitive, as can be demonstrated by consideration of dynamical 
similarity. 

Recently Dr. G. B. Brown, working in my laboratory, has used the strobo- 
scopic method to investigate the periodic motion of smoke-laden air jets into 
air and has confirmed and extended Rayleigh’s observations (1884) that the state 
of instability produced by a sound is not irregular turbulence, but strictly periodic 
motion. ‘The sinuous motion is accompanied by the development of vortices 
to either side. The turbulence produced by increasing the velocity of the 
jet above what is compatible with laminar motion is, in contradiction to what 
is often stated, quite different from the effect produced by the sound. 

The flame is generally said to be sensitive only if on the point of flaring, but 


* The name given by Rayleigh to the form of a figure of revolution exhibiting alternate 
swellings and contractions, ‘ 
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a more precise statement is that the sensitiveness increases rapidly with the 
nozzle velocity of the jet, and the highest velocity that is used is that just below 
the point of turbulence. 


§3. EXPERIMENTS WITH THE SENSITIVE FLAME 


Considerations to be discussed later have convinced me that the phenomenon 
is due simply to a periodic movement, normal to the axis of the jet, of the air, 
relative to the nozzle from which the jet issues ; a movement which can be brought 
about either by a sound wave travelling normal to the jet axis or by vibration of the 
nozzle normally to its axis. If this is so, a sound wave travelling in the direction 
of the axis of the jet should have no effect. ‘The establishment of this is another 
experiment fundamental for the understanding of the phenomenon. 

A sensitive flame from a circular steatite nozzle of about 1 mm. diameter was 
set up on a tall slender support, and a loudspeaker, driven by a valve set and 
amplifier which generated pure tones of a wide range of possible frequencies and 
intensities, was placed horizontally opposite to the nozzle, so as to send waves 
normally to the jet axis. The range of frequencies and intensities to which the 
flame was very sensitive was noted. The loudspeaker was then arranged above 
the flame, at the same distance from the nozzle as before, so as to send sound waves 
along the axis of the flame. Frequencies and intensities in the range which 
previously produced marked flaring of the familiar type now had no effect. The 
variation of frequency showed that this behaviour was not due to the orifice being 
at the node of a stationary wave formed by reflection at the floor : varying the 
distance of the loudspeaker confirmed this. ‘The experiment was carried out 
in a large bare room, to avoid considerable reflections from walls or furniture. 

The Tyndall sensitive flame is best obtained by supplying coal gas, unmixed 
with air, to a burner fitted with a steatite nozzle pierced by a circular hole about 
1 mm. in diameter. The tall flame consists of an extended cone of unburnt 
gases, which is from 20 to 35 cm. high when the flame is in the sensitive condition, 
surrounded by a zone (or zones) of burning gas which is luminous in its upper 
part, but not close to the nozzle. I find that if the diameter of the nozzle is large, 
say 8 mm., no well-defined inner cone is formed and the flame is not sensitive : 
a sufficiently rapid rate of supply of gas leads to the formation of an inner cone, 
but produces flaring. If the diameter of the nozzle is very small, any attempt 
to produce a long flame leads to flaring. 

As regards the reason for the inner cone, it is observed that when it is formed 
the burning gas is separated from the nozzle by a distance of the order of the radius 
of the orifice. For the case of a circular nozzle with an infinite baffle the stream 
lines of the air in the neighbourhood of the flame are parallel to the plate, and so 
normal to the jet, in the neighbourhood of the orifice, as established mathematically 
by Schlichting (1923) and experimentally by Andrade and Tsien (1937) (see 
Andrade and Tsien, figure 9, for a detailed drawing). This represents the case 


when the inertia effects can be neglected. If the velocity of efflux of the flame 
23-2 
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gases is high, the velocity of the air will be high, and owing to its inertia it will be 
carried into the flame at the base of the flame and will give rise to the cone of 
unburnt gas,asin a Bunsenflame. As the critical velocity for flaring is, to a first 
approximation, inversely as the diameter, it is clear that diminishing the 
diameter, while maintaining the flame in the sensitive state by increasing the 
velocity, will lead to the formation of an inner cone of unburnt air-gas 
mixture. 

This cone is the sensitive part of the flame, the luminous mantle being merely 
an indicator. This can be shown by introducing a very fine platinum wire into 
the flame. As long as it does not touch the inner cone, whether it be in the upper 
or the lower part of the flame, no disturbance is produced. If it touches the inner 
cone the flame flares, the disturbance becoming more violent as the wire approaches 
the nozzle. The disturbance produced by introducing the wire into the inner 
cone near the base of the flame resembles superficially that produced by sound. 
The wire, be it noted, produces turbulence at the base of the flame. 

In confirmation of the view that it is the cone which is the sensitive jet we may 
cite not only that the coal-gas flame is not sensitive when there is no cone, but 
also the fact that the hydrogen flame, which never has a cone, is not sensitive. 
By adding coal gas to hydrogen, however, an inner cone can be formed and a 
sensitive flame produced. 

Another fact which, as will be seen later, is of considerable importance is that, 
as I have shown with orifices of various dimensions and proportions, a flame 
from a uniform slit orifice, a flat flame, is not sensitive to anything like the 
same extent as a flame from circular orifice. 

So much for the flame: we will now turn to less complicated jets. 


§4. THE WATER-INTO-WATER JET: CIRCULAR ORIFICE 

Since temperature gradients, inhomogeneities of density and suchlike make 
the case of the flame very complicated, the experiments designed to investigate 
the cause of sensitiveness were carried out with jets of water into water. 

The disposition of the apparatus is shown in figure 1. The jet proceeded 
horizontally from a nozzle of the form shown at (a), carefully drawn from glass 
tube so as to have a circular orifice. The water through which it flowed was 
contained in a trough 3 cm. deep, with a glass bottom of area 60x 35 cm. The 
edges of the trough were beached to damp out ripples. Under it was a mirror 
at 45°, for purposes of illumination. ‘The water to the jet, coloured with Kiton 
red, came from a reservoir carried by a wooden framework attached to that 
supporting the mirror box. ‘The supply tube was furnished with a water-cali- 
brated rotameter, to measure the flow. The mirror box stood on a massive slab 
of slate, which rested on loose cotton swabs carried by a second massive slate 
slab separated from the floor by cotton swabs. The trough rested on slabs of 
Sorbo rubber carried by the mirror box. These precautions were necessary 
in order to shield the trough as much as possible from vibration, ; 
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The methods of illumination were various : 

(1) An approximately parallel beam from a 60-ampere arc, with a diffusing 
screen under the trough, for short-exposure photographs showing the jet as it 
appeared to the eye. The arc was enclosed in a brick-walled space (an empty 
fireplace) fronted with plate glass, to avoid disturbances by the sound. 

(2) Stroboscopic illumination, the light from an arc being interrupted by a 
rotating wheel furnished with slits, with the usual arrangement of lenses. Arc 
and wheel were enclosed, as above. 

(3) Spark photography, with a spark between magnesium spheres amal- 
gamated with mercury, from jars of capacity about lr., charged by an electro- 
static machine. 


R 


Figure 1. 


The jet was photographed with an 8-inch Dallmeyer f 2-9 lens, with ford 
panchromatic plates of from 1000 to 8000 H & D. 

For low disturbing frequencies a motor with a slightly unbalanced flywheel 
was used, which covered a range from the lowest frequency up to about 25 ~. 
For higher frequencies a loudspeaker driven by a set giving a pure note was used: 
with this, frequencies as high as 10 000 and more, and as low as 15 ~ could 
be satisfactorily produced. 

The undisturbed jet is very fine and sharp. It is particularly sensitive to 
sound: a picture of the large symmetrical disturbance produced by a com- 
paratively faint sound was published some time ago (Andrade, 1936). 

The response of the jet depends upon three factors: the velocity of efflux 
of the fluid, the frequency of the disturbing sound and the intensity (amplitude) 
ofthesound. ‘The general effect of the frequency is masked by spurious resonance 
effects, discussed later, for I have succeeded in showing that the sharp response 
of the jet at certain selected frequencies is due to resonant response, either of 
structural members of the scaffolding supporting the tube from which the fluid 
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issues, or of the air enclosed in the room. ‘The very large increase of response 
as a particular frequency, within a very narrow range of frequencies, is approached 
may be taken, then, as an effect of increased amplitude of disturbance. Plate 1 
shows a jet, from a circular orifice of diameter 0-325 mm., disturbed by vibrations 
of increasing amplitude, obtained by altering the frequency of a note of approxi- 
mately constant intensity in steps from 321 ~ to 325 ~, the last being a resonant 
frequency. ‘The photographs were taken with an exposure of about 1/16 second, 
and show the jet as it appears to the eye. At small amplitude the jet shows a 
slight thickening remote from the orifice. As the amplitude increases this 
thickening retreats towards the orifice and manifests itself as a separation into 
two, or forking, of the jet. At medium amplitudes the jet appears to reunite, 
but at larger amplitudes the arms of the fork diverge more and more. ‘he 
forking is followed by turbulence, as seen in the last four photographs. 

The effect of increasing the rate of efflux of the jet is similar to that of increasing 
the amplitude of the disturbance, to illustrate which we may consider some pic- 
tures, taken with stroboscopic illumination, which bring out other points as weil. 
In plate 2, a and 6 represent a jet disturbed by a sound of constant intensity 
and frequency 124 ~, issuing from the same orifice at rates of 295 cm?/h. and 
300 cm3/h. respectively (Reynolds number R=161 and 164 respectively *). 
They show first of all how the effect of the vibration is to cause a sinusoidal dis- 
turbance which increases in amplitude until it disengages alternate vortices to 
either side, forming a street which differs from a Karman street in that, firstly, 
the vortices are very short in the direction normal to the plane of the paper and, 
secondly, they do not have the right spacing. It appears that when b/a (a=dis- 
tance between successive vortices measured parallel to jet, b=spacing measured 
normal to jet) is small, as it is initially, the two sides of the street diverge, but for 
a certain value of b/a there is a stable parallel vortex street, as with extended 
linear vortices. This would account for the phenomenon shown in plate 2, a, 
since with the slowly increasing separation, the street never being very far from 
parallel, the stable system has an opportunity of establishing itself. When there 
is a large disturbance, however, and rapidly increasing separation, there is never 
any approximation to parallelism, and the two separate series of vortices travel 
independently of each other, as shown in plate 2, b. 

The early stages of the development of the disturbance are best shown by 
using stroboscopic illumination with a ‘‘ sound” of very low frequency, 9-8 ~ 
in the case of the jet shown in plate 3, a, b and c, which correspond to rates 
of efflux of 315, 340 and 350 cm?/h. respectively (R=172, 186 and 191), with a 
fixed intensity of sound, and also represent the kind of effect we get by increasing 
the amplitude of the disturbance at constant rate of efflux. The shedding of 
vorticity from the extremes of the disturbed jet gives a beautiful pattern when the 
disturbance is large. 

With sound of greater amplitude, forking can be obtained at this low frequency, 


* The linear dimension used is the radius of the orifice. See Andrade and Tsien, loc cit 
‘ mcits 
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Plate 1. 


Water jet : increased response caused by increasing amplitude 


a b 


Plate 2. Forking of water jet. 
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as shown in plate 3, d, which represents an outflow of 345 cm%/h. (R= 188). 
This phenomenon of forking is well known with the sensitive flame, and is illus- 
trated, for instance, in figure 5, reproduced to illustrate another point. 


§5. THE QUESTION OF RESONANCES 


One of the most remarkable phenomena shown by the circular water-jet is 
the sharp response to particular frequencies. ‘This is illustrated by the photo- 
graphs of plate 1, the circumstances of which have been already described. 
S. R. Humby (1927) and G. B. Brown (1932) described a similar selective 
response with the sensitive flame. Humby was unable to find any relationship 
between the various frequencies of selective response. Although Brown found 
that the particular frequencies at which the flame responded were the same 
for a wide range of different orifices, nevertheless he decided that the selective 
response ‘‘ expresses a property of the gaseous jet and not one due to causes 
inherent in the apparatus used’’, and stated that these frequencies are constants 
for any particular gas. He considered the possibility of reflexions from different 
parts of the room (stationary waves) as a cause of the selective response, but 
decided that he had eliminated it by finding the same frequencies in another 
room. He gave a theoretical explanation of the response. 

Nevertheless, it is hard to see how a jet can possibly possess of itself, as he 
contended, a series of resonant frequencies, and experiments were therefore 
carried out to find the cause of the sharpness of response. In the first place a 
determination was made, over a very wide range of frequencies, of the particular 
ones which produced marked response. Periodic disturbances of low frequency 
were produced by the motor carrying a heavy unbalanced flywheel, which was 
placed on the floor near the apparatus. The oscillator and loudspeaker carried 
the range continuously on to somewhere near the limit of audibility. A series 
of more or less equally spaced resonant frequencies was found, some of which 
were much more effective than others: the following list of 54 frequencies is 
fairly complete within the range covered. 


Table 1. Resonant frequencies (cycles/sec.) with a jet 0-325 mm. in diameter 


1-405 5°8 12:3 160:0 615-0 
1-82 6:3 13-6 207-0 631:0 
2°85 6°8 ila) 227-0 700-0 
3°45 TED 16:0 258°5 760:0 
3°65 8:0 DAV) 310:0 825:0 
3°8 8-4 43-0 340:0 890-0 
4-0 9-0 70:0 400-0 958-0 
4-31 9-6 89:0 450:0 1025-0 
4-64 10-3 94-0 4780 1110-0 
Dee 11:0 110-0 515-0 1165-0 
5:48 11-6 135-0 590-0 


These frequencies for maximum response were not altered by diminishing 
the rate of flow of the jet, which merely made the jet less sensitive and the response 
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less marked. They were not altered by varying the depth of liquid in the trough, 
or the width of the trough. Changing the viscosity of the medium did not 
modify the frequencies, as was shown, firstly, by altering the temperature of both 
the jet and the surrounding water from 4° to 40° c., which gives a range of viscosity 
of 2-4 to 1, and secondly, by using hexane, coloured with iodine, into hexane, 
which has a kinematic viscosity less than half that of water. The size of orifice 
also had no effect. Not only were the frequencies not shifted, but they all 
appeared under the variety of circumstances described. 

This was held to prove that the resonant frequencies must be either those 
of the room or those of certain parts of the apparatus, and attempts, based on this 
supposition, were made to modify the frequencies. "The wooden framework, 
supporting the reservoir, supply tubes and nozzle, was loaded at certain points 
with a 30-lb. weight. In the range 0 to 200 cycles this very much diminished 
the response, as evidenced by the fact that a higher rate of flow was required 
to make the response evident. Certain of the frequencies were completely 
suppressed and new frequencies were introduced, but some remained unchanged. 
Clamping the tube just short of the orifice more firmly to the heavy framework 
diminished the sensitiveness and shifted the frequencies in the region of a few 
cycles/sec. These results are consistent with the view that many of the reson- 
ances are due to the modes of vibration of the supporting structure and of the free 
tube which terminates in the orifice, while others, mostly in the range from 
50 cycles upwards, are due to the floor and walls of the room and the contained 
air, the resonances of which lie in about this range (Constable, 1936). ‘These 
latter would not be shifted by loading the structure, but their effectiveness would 
be diminished. 

Everything in the present investigation is consistent with the supposition 
that the whole of the effects of sound or other vibrations are due to a transverse 
relative motion of orifice and surrounding fluid. ‘The effects should therefore 
be produced by deliberately vibrating the orifice, the medium being stationary. 
With this in view the approach tube was firmly connected by a short rod to the 
diaphragm of an Amplion loudspeaker unit, so arranged as to move the orifice 
of the horizontal jet in a vertical line. If the jet itself had any selective response 
it should manifest itself plainly as the range of frequencies was traversed. Actually, 
just the same type of phenomena were produced in this case as in that of dis- 
turbance by external sound, but there was no sign of any selective frequency 
effect. Some control of the amplitude of the sound was necessary to demon- 
strate the phenomena equally clearly over the whole range of frequencies, but 
there was nothing in the way of special response at any particular frequency. 

A similar experiment was tried with the sensitive flame. By vibrating the 
jet transversely it was shown that the response varied continuously with frequency, 
without sign of any particularly favoured frequencies, even down to low notes. 


Since the amplitude was not measured, the nature of the gradual variation of 
response has no particular interest. 
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Another experiment with the horizontal jet served to demonstrate both the 
lack of selective response and the fact that the orifice is the seat of the sensitiveness. 
A small disc, 4 mm. in diameter, was fixed by a rod to the diaphragm of the 
speaker unit so that it could be set in vibration at any frequency desired. It 
was arranged just beneath the surface of the water, so that it could produce 
waves propagated in a vertical direction. When just above the orifice, it 
produced the usual type of disturbance, and variation of the frequency caused 
no selective response, but merely a gradual change of magnitude which could 
be counterbalanced by continuous control of the amplitude. | When the disc 
was arranged either at any place above the approach tube, or above any part of 
the jet except that in the neighbourhood of the orifice, no effect was produced. 

Another striking phenomenon is easily explained on the view here put forward. 
When the disturbing sound is produced either by the unbalanced motor or loud- 
speaker, the plane in which the broadening of the jet takes place changes 
at certain frequencies from the usual (horizontal) plane to a plane normal to it. 
The change of plane, horizontal to vertical, and back again, takes place within 
a small range of resonant frequencies. If the particular frequencies of selective 
response are due to vibrations of the nozzle tube, and this is not quite symmetrical 
about its axis, the result is at once explained. 

The results of this investigation of selective response may seem obvious, but 
the phenomenon is very striking, and since it has misled previous workers it 
seems worth while to have established its nature, more especially as Rayleigh’s 
theory of the instability of an idealized jet, which we have to consider, suggests 
that the instability is greater for a particular wave-length. 

The sensitive water-jet or sensitive flame has, then, no selective response in 
itself. It is, however, when suitably disposed, a very delicate detector of vibra- 
tions of any structure with which it may be in sound-bearing connection, and it 
may possibly have applications in this connection. For instance, for investi- 
gating the frequencies of a room, a sensitive jet with a heavily weighted nozzle 
and heavy framework would be a convenient indicator. 

For investigation of the causes of the phenomenon it is clear that it is best to 
vibrate the nozzle and not the medium. 


§6. LORD RAYLEIGH’S THEORY: THE SINGLE VORTEX SHEET* 

Many of the phenomena which have to be explained have now been laid 
before you. We now turn to the question of their explanation, and will first 
consider briefly Lord Rayleigh’s calculations. 

In his theoretical work on the sensitive flame, Rayleigh (1896) considers the 
two-dimensional motion of an idealized jet, idealized not only in the sense that the 
liquid is perfect, but also in the sense that the distribution of velocity does not 
attempt to approximate closely to that in any real jet. The case worked out 
in most detail is that of a jet consisting of two adjacent sheets in laminar motion, 


* Lord Rayleigh, Theory of Sound, vol. 11, chapter xx1, and Collected Papers. 
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in each of which constant vorticity, of equal magnitude but opposite sign, prevails. 
The velocity thus has a fixed value V in the » direction along the plane of contact 
of the two laminae, diminishing steadily to zero value at a distance 6 to either side 
of the central plane, and being zero everywhere outside the laminae. The 
distribution of velocity is shown in figure 2 (a) and the distribution of vorticity 
in figure 2(b). Rayleigh proves that, if the jet is subjected to a small periodic 
disturbance f(y)e"+*, the disturbance grows exponentially if kb is below a 
certain value, i.e. we have instability for disturbances of wave-lengths above a 
certain value, and he further shows that the instability is greater for a certain wave- 
length. Since the fluid is assumed to be ideal, the results do not necessarily 
apply to real fluids, where viscosity exercises a stabilizing influence: Rayleigh 
himself points out “there is therefore ample foundation for the suspicion that 


(0) (b) (c) (d) 


Figure 2. 


the phenomena of sensitive jets may be greatly influenced by fluid friction, and 
deviate materially from the results of calculations based upon supposition of 
discontinuous changes of velocity ’’. 

Quite apart from any lack of correspondence with reality which may be 
involved in the arbitrary distribution of velocity and the lack of viscosity, the 
calculations do not consider certain fundamental features of the sensitive jet 
from a circular aperture, namely, that the seat of the sensitiveness is the orifice 
of the jet and that an extremely small amplitude of the motion is required to 
produce the instability. Again, I have found experimentally that the jet from 
a slit, which corresponds closely to the two-dimensional case considered by Ray- 
leigh, does not show any such sensitiveness as does the circular jet. 

A further experiment that seems to prove that the mechanism contemplated 
by Rayleigh is not sufficient to explain the sensitive flame concerns the case 
of a single vortex sheet, produced by letting a wide stream of water, with constant 
velocity, flow past a wide expanse of stationary water. This gives a good approxima- 
tion to the case, treated by Rayleigh: ‘“‘ on the upper side of a layer of thickness b 
the undisturbed velocity U is equal to + V, and on the lower side to — V, while 
inside the layer it changes uniformly.” * The type of instability which ne finds 

* Sound, vol. 1, p. 392. 
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here is exactly the same as that for the flat jet ; for all wave-lengths, if b is infinitely 
small, and for a range of wave-lengths if 6 is finite, the surface is unstable on the 
criterion adopted throughout the investigation. Experimenting with a single 
vortex sheet I have, however, found that while the surface becomes unstable, 


_ with vortex formation, if the velocity exceeds a certain value, there is no sensitive- 


ness at all to sounds of any frequency within the audible range, or lower. 

The vortex sheet was produced by letting a wide stream of water run through 
a trough, one side of the stream being against the wall of the trough, and so stabil- 
lized, while the other side flowed past the stationary water. The trough was 
3 cm. deep, 90 cm. long and 26 cm. wide. At one side water from a tank con- 
taining a heater * was admitted through an opening 3 cm. wide: it passed through 
a series of parallel guides to ensure uniform flow. At the far end of the trough 
was a series of exit pipes with adjustable outflow: all except those opposite the 
3-cm. strip were closed during an actual flow experiment. ‘The water in the 
trough was coloured with 1 in 10 000 Kiton red. It was found that by suitably 
adjusting the outflow a uniform parallel strip of moving clear water could be 
obtained, with a sharp boundary, which constituted the approximately two- 
dimensional single vortex sheet. 

Over a wide range of velocities the boundary showed a sinuosity which at 
high velocities of flow tended to ‘‘feather”’ and form vortices. + Rosenhead (1931) 
has carried out calculations on the form of the instability of such a vortex sheet, 
and the forms of the observed instabilities were much as depicted in his diagrams, 
so that the experiment probably realized closely the desired distribution of velocity. 
The effect of sounds of various intensities, in some cases considerable, and 
frequencies was tried, both by having a loudspeaker in various positions, close 
to the origin of the sheet and elsewhere, and by attaching the unbalanced motor 
to the framework. No kind of response in any way resembling that of the 
sensitive flame could be obtained. 

The conclusion is, then, that while Rayleigh’s investigations indicate that 
single and double sheets of vorticity are unstable for certain ranges of frequency, 
his theory gives no indication of the sensitiveness to small periodic disturbances 
peculiar to the circular jet, and, therefore, has no real application to the 
sensitive flame. Any ordinary small disturbances, such as are inevitably 
taking place all the time, are equivalent to trains of all wave-lengths, so that 
the investigation seems really to point to the inherent instability of all such 
sheets. The method applied, in fact, of finding whether a small applied 
deformation grows exponentially or no is that normally used for investigating 
inherent instability. Further, the single vortex sheet is a good example of 
the cases treated by Lord Rayleigh, and it is not sensitive in the smallest 


* Inserted in order to be able to ensure that the temperature of the water from the tank was the 


same as that in the trough. 

+ The apparatus was set up for photography of the various stages of the instability, produced 
by varying the velocity, when the war broke out, but the photographs were never taken and the 
apparatus has since been destroyed by enemy action. 
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degree. In practice ordinary instability occurs only when the strength of the 
vortex sheet exceeds a certain value, a fact which needs the invocation of 
viscosity for its explanation. The stabilizing influence of viscosity in many 
cases is well known : reference need only be made to G. I. Taylor’s investiga- 
tions on the behaviour of a-fluid between rotating concentric cylinders. 

The question which we have to consider, however, is not one of inherent | 
instability but of instability due to a particular form of disturbance, which only | 
continues so long as that disturbance 1s acting. 


§7. THE GROWTH OF THE INSTABILITY OF A PLANE JET 

Having come to the conclusion, from a study of the forking to which I have 
alluded and from other considerations, with which I need not trouble you, that 
the peculiar form of break-up of the sensitive jet is merely due to the action of 
two opposite sides of the slender conical vortex sheet, to which it is roughly equiva- 
lent, on one another, I was confronted by the question as to how to confirm this 
belief. It is clear that the three-dimensional case is extremely difficult to handle, 
and that it is more practicable to study a two-dimensional case—two parallel vortex 
sheets of opposite vorticity, which can be approximately realized by a jet from 
a slit orifice. Although, as I have said, such a jet is nothing like as sensitive 
as a jet from a circular orifice, typical break-up can be realized by making the 
orifice vibrate transversely to its length. 

The point to be investigated is the form assumed by the jet rendered unstable 
by a periodic transverse relative motion of nozzle and medium. Rayleigh’s investi- 
gation tells us nothing about the way in which the instability grows. Rosenhead 
(1931), in his investigation on the single vortex sheet, assumes a sheet con- 
sisting of equally spaced parallel line vortices, and then calculates, step by step 
(11 steps for 8 vortices per wave-length, 4 steps for 12 vortices per wave-length), 
the displacement of the system, by finding the velocity of each vortex produced 
by the other vortices of the system, and so the new position, after a given 
short time interval. He shows that a sinusoidal vortex surface tends to roll up 
at each crest like a breaker, and gives diagrams depicting the successive stages, 
to which we have already referred. 

The single vortex street is not suitable for detailed comparison with experi- 
ment, and is, in any case, too remote from the jet to furnish much help towards 
an explanation of the latter. Further, it is difficult to apply a suitable periodic 
disturbance to a single sheet. It was therefore decided to work out the case of the 
double vortex street, which is equivalent to a two-dimensional jet. ‘The motion 
has to be followed step by step; instead of doing this by detailed calculations, 
such as were carried out by Rosenhead, a method based on the hydro-magnetic 
analogy was adopted. 

. The distribution of magnetic force round a line current J is similar to the 
distribution of velocity round a line vortex of strength I, the lines of constant 
force and velocity being circles, and the magnitudes of force and velocity being 


| 
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2I/r and = T'/r respectively. The distribution of magnetic force near any system 


of line currents must therefore be similar to the distribution of velocity round 
a similar system of line vortices, and the strength of the magnetic field at any point 
must be proportional to the velocity at a similar point. Hence if at the position 
of any one current we measure the magnetic field due to the other currents it will 
give us the velocity with which the corresponding vortex is being displaced by the 
other vortices. Having found the field at every line current, we are able to dis- 
place the currents to new positions corresponding to the position which the 
vortices would take up, under their own field, after a small fixed time interval. 
With this new disposition of the vortex system the field at each current can 
then be again determined, and a new disposition of the system found. In this 
way the whole history of the vortex system can be built up in steps. It must 
be emphasized that a similar step-by-step procedure is all that is possible if 
purely mathematical methods are adopted. Viscosity and inertia effects are, 
of course, neglected, as usual in such investigations. In experiments with 
comparatively slow rates of flow and low frequencies the inertia effects are 
not likely to be large. 

The experimental determination was carried out in the following way. ‘The 
linear currents were arranged initially in two parallel sine curves, to represent 
the disturbed position of the parallel jet. For the mathematician who may later 
carry out calculations on the double vortex sheet the interesting case is that of 
two infinite sheets: on the other hand, the jet corresponds, as a first rough 
approximation, to a double sheet infinite in one direction * only. A compromise 
between the two cases was made by taking three wave-lengths, and considering 
the behaviour of the mid-one. Actually, if, as in the experimental case, the 
disturbance is at the orifice, the portion of the jet in which the disturbance is 
proceeding travels out and is subjected, as it travels, to the effect of a more 
disturbed portion in advance and a less disturbed portion coming in from 
behind, so that the disposition adopted gives a kind of average value, adapted to 
show the general way in which the disturbance develops. ‘This is all that was 
sought. 

The conductors consisted of straight copper rods, 8 mm. in diameter and 
186 cm. long, arranged initially in two parallel sine curves, 7 cm. apart, of wave- 
length 60 cm. and amplitude 3 cm., there being 20 wires per wave length, a much 
closer distribution than that adopted by Rosenhead. The rods were supported 
at the top and bottom by horizontal wooden boards pierced with holes, in which 
they just fitted, but, as it is difficult to drill wood with the accuracy of position 
required, two subsidiary plates, of stout seasoned celluloid, were bored with great 
care and used to space the rods at the middle, where measurements were made. 
These plates can be seen in the photograph of figure 3, which shows the 
complete installation. ‘The rods were connected top and bottom by short lengths 


* Actually the plane jet corresponds more closely to two diverging sheets of which the vorticity 
falls off directly as the distance from a point within the nozzle, as will be shown later, 
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of stout cable in such a way that the current flowed up in all the rods on one side 
and down in all those on the other, as ina flattened solenoid. ‘They are represented — 
by dots in figure 4, which shows the experimental disposition. 

To measure the magnetic field a search coil S, 7 cm. highand 8 mm. wide, was 
constructed of 392 turns of 44s.w.G. copper wire. It was mounted on a narrow | 
T-shaped stand, the base of which carried a plug, accurately centred with the 
axis of the coil, of the same diameter as the copper rods. It was provided with 
two mirrors, at right angles to one another, one being accurately parallel to the 


Figure 3. 


effective plane of the coil. ‘The adjustment of these mirrors was made by electro- 
magnetic test in a uniform field produced by Helmholtz coils. A horizontal 
cathetometer CC was mounted with its axis accurately parallel to the central 
line of the rod system. By reflection of an illuminated scale fixed to the telescope, 
the search coil could be adjusted with its effective plane either parallel to or 
normal to the axis of the current system. 

A single rod was removed and the electrical connections remade so that the 
current flowed as before, up in all the rods on one side and down those on the 
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other side. ‘The search coil was set on the central board in place of the missing 
rod, carefully levelled, and adjusted so as to be parallel to, or normal to, the 
horizontal axis of the rod system. A current of some 70 amperes flowing in the 
rod system was then suddenly reversed. The induced e.m.f. measured the 
magnetic force normal to the effective plane of the search coil. 

In order to be independent of the value of the current in the grid in making 
comparative measurements at different places, the following method was adopted. 
The current through the grid was led in series through a pair of Helmholtz coils 
HH, H’H’, consisting each of a single complete turn, 46 cm. in diameter, of 8s.w.c. 
copper, the connection between the two coils being made by wires twisted to- 
gether non-inductively and so led that they contributed nothing to the field. 
At the middle of these coils was a circular test coil T, of about 8 cm. diameter, 
wound with 280 turns of 36 s.w.c. copper wire. ‘This was mounted on a graduated 
spectrometer table, reading to 1 , so that it could turn about a vertical axis through 


Figure 4. 


a diameter, and was connected in series with the search coil and a sensitive galvano- 
meter G. The field at the search coil was measured by setting this test coil at 
such an angle that, on reversing the current, there was no deflection. ‘The 
reading was actually made by noting the (very small) galvanometer deflection for 
a setting near the correct one, and then altering the setting slightly so as to give 
a galvanometer deflection in the other direction, the setting for zero deflection 
being obtained by interpolation. The current through the Helmholtz coils was 
then reversed and another reading taken so as to avoid zero error. ‘The average 
angle between the effective plane of the test coil and the axis of the Helmholtz 
coils being @, sin @ measures the magnetic force at the search coil. 

For each rod, measurements were made with the search coil in two positions, 
normal to and parallel to the axis of the grid. In this way the two components 
of the magnetic force were determined, giving the magnitude, on an arbitrary 
scale, and direction of the force. Measurements were usually made at the 
positions of some, or all, of the twenty back rods as well as at the twenty front 
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rods which go to a wave-length, as a check: the agreement between the values 
in symmetrically equivalent positions was usually well within 1 per cent. 


In this way the velocity at any point was found for a given distribution of the 


rods, and to obtain the next distribution the position of each rod had to be dis- 
placed by an amount proportional to the velocity. The scale used was such that 
the displacement of each rod, in the early stages, was somewhere about 10 per cent 
of the wave-length. Boards and celluloid were then drilled with holes in the 
displaced position, and the process repeated with the new set-up. In all eight 
consecutive dispositions of the current system were obtained. 

Since the magnetic force is everywhere in the same direction as the velocity 
would be for the corresponding distribution of line-vortices, the magnetic lines 
of force give the lines of flow in the vortex case. These lines of force were 
obtained with iron filings in the usual way; the filings were then fixed with shellac 
solution and photographed. In order to obtain them clearly, large currents 
are necessary; about 250 amperes were used. Since the resistance of the grid is 
very low, a small voltage suffices. Actually a large Exide accumulator battery, 
of 100 amp.-h. capacity, was used, which stood up to the demands very well. 
The lines can be seen in the figures of plates 4 and 5. 

The successive positions of the vortex sheet lettered a to g are shown in 
plates 4 and 5, in which the vortices are joined up in their order by a continuous 
line. A striking feature of the progress of the disturbance is the development 
of the curled back spurs. ‘The one at the crest was expected from the experi- 
mental results on the circular jet: it was accompanied, however, by a smaller, but 
distinct, second spur. This unexpected feature seemed to offer a good opportunity 
for seeing if there is fair correspondence between the idealized uniform jet of a 
perfect fluid, with neglect of inertia terms, and the experimental jet. It was 
therefore decided to investigate the instability of the plane jet experimentally, 
as will shortly be described. 

It will be seen that the lines of flow, as indicated by the magnetic lines of force, 
do not indicate quite the same boundaries of the jet as does the line joining the 
vortices. ‘The lines of flow, for instance, tend to show a large detached vortex 
in place of the main spur, a vortex into which the spur would clearly develop in 
a slightly later stage. ‘This discrepancy is, no doubt, due to the wide spacing 
of some of the elementary vortices at the later stages of the development. It is 
not practical, however, to take a much greater linear density of vortices, and 
Rosenhead in his mathematical investigation took a lesser density. The difference 
between lines of flow and vortex sheet is not serious: both indicate the develop- 
ment of a double spur as a stage in the breaking up of the plane jet. The line 
joining the vortices is probably the best indication of the position taken up by a 
continuous vortex sheet, and so of the boundary of a real jet. 

It is suggested that this method of using the hydro-magnetic analogy may be 
useful as a general method for investigating two-dimensional distributions of 
yorticity. 
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§8. THE EXPERIMENTAL INSTABILITY OF THE PLANE JET 

To obtain a jet which should approximate to the two-dimensional case repre- 
sented by the hydro-magnetic model, an orifice 2-03 x 0-03 cm., with a tapering 
approach, was used, as in my investigation of the velocity distribution in a flat jet. 
To secure freedom from fluctuations (see Andrade, 1939) the jet issued vertically 
downwards into clear water in a glass tank, the reservoir supplying the jet being 
filled with water rendered cloudy by a few drops of milk, a fluid which photo- 
graphs very well. 

This jet was not sensitive to sound. The whole range of frequencies from 
about 10 to 4000 ~, in intensities much greater than those required to activate 
the round jet, was applied without result. To produce the disturbance which it 
was desired to study it was found necessary to cause the nozzle to execute trans- 
verse vibrations by mechanical means. In order to obtain a wave-length bearing 
somewhat the same ratio to the width of jet as that used in the hydro-magnetic 
analogy, the vibration of the jet must be slow, which has a further advantage 
already indicated. It was produced by a pendulum, with a heavy adjustable bob, 
rocking on knife edges fixed to a hollow brass horizontal beam. This beam was 
attached rigidly to the nozzle, its length being normal to the length of the orifice, 
and was carried by glass rollers resting on top of the tank. ‘The plane of vibration 
of the pendulum was parallel to the beam, and the oscillations of the jet were thus 
transverse to the orifice. The jet was photographed by an electric spark between 
magnesium spheres, with a lens of 8 in. focal length, f 2-9 aperture. 

The amplitude of disturbance could be varied either by maintaining a con- 
stant velocity of flow and changing the amplitude of the pendulum, or by keeping 
the amplitude of the pendulum constant and changing the velocity of flow, i.e. the 
vorticity at the nozzle. A series of pictures was obtained by each method. In 
plate 6, ashows the undisturbed jet, with an outflow of 1000 cm?/h., while the 
other photographs show the disturbance produced with a fixed amplitude of the 
disturbing pendulum, of period 2-06 sec., and varying velocities of flow. ‘The 
flow is best expressed in terms of K=M/p (where M is the momentum issuing 
from the orifice per second per unit length and p the density of the liquid) and the 
dimensionless quantity R=K/vv, where v is the velocity and v the kinematic 
viscosity. The following are the values: 


Plate 6 

Photograph a b GC d e ii 
K 0-637 0-570 0-761 0-804 0-897 0-936 

R 13-8 13-0 Sei 1525 16-4 16:8 


Plate 7 shows the effect of varying the amplitude of the pendulum, the period 
again being 2-06 sec. and the values for the outflow K=0-700, R=14-5, ‘The 
values of the amplitude for photographs a to e were respectively 6-2, 7, 8, 9-3 and 
12 cm., which furnish an arbitrary scale. 

It will be seen that as the disturbance develops, a very sharp thin spur forms 


2 
PHYS. SOC. LIII, 4 4 


346 E. N. da C. Andrade 


at the crests of the sine wave, closely corresponding to the fine spur shown in the. 
theoretical figures g and h of plate 5. Not only this, but a secondary spur, 

developed nearer the nozzle than the main spur, is clearly visible in all the photo- 

graphs, particularly clearly in some. This corresponds well to the secondary 

spur shown in g and A, plate 5. In the early stages of development of the spur 

a general correspondence can also be traced between the experimental jet and the 

theoretical jet. 

It is considered that the experiments suffice to show that in the case of the 
two-dimensional jet, the action of the parallel vortex sheets on one another, which 
can be predicted from the fundamental conception of the behaviour of vortices 
in perfect fluids, is quite sufficient to explain the manner in which the growing 
instability of the actual jet develops from a sine wave. From this the conclusion 
is drawn that the instability of the circular jet can be similarly explained. 


§9. THE SOURCE OF SENSITIVENESS 
We have now dealt with the way in which the disturbance develops, but we 
still have to discuss the question as to why it develops so easily—why is the sensitive 
flame sensitive ? All experiment points to the orifice as being the source of the 


Figure 5. 


sensitiveness to sound, but experiment further shows that the flat jet is not 
nearly so sensitive to sound disturbance as the round jet, while the single vortex 
sheet is not sensitive at all. The growth of a disturbance is, then, clearly due 
to the influence of one vortex sheet on the opposite parallel, or nearly parallel, 
sheet. ‘The hydro-magnetic experiments have shown that there is a good first- 
approximation correspondence between the ideal plane jet and the actual case. 
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There seems little doubt that the growth of the disturbance in the case of the 
circular jet is to be attributed to the action of one side of the displaced conical 
vortex sheet on the other side, the active parts being those in the neighbourhood 
of a plane through the axis of the jet and the displacement vector. This view 
accords with the well-known changes of sensitivity for different directions of the 
sound when the nozzle is slightly asymmetrical, for it would lead us to expect 
increased sensitivity when the jet is so disposed that the operative parts of the 
sheet are near together. I have found with an orifice of roughly elliptical shape 
(axes 2-3 and 1-5 mm.),that the jet is very much more sensitive when thedirection 
of the sound lies along the minor axis than when it lies along the major axis. 
Photographs (a) and (6) of figure 5 show the flame from the orifice exposed to 
the same sound, the direction of propagation being along the major axis in the 
first case, and along the minor axis in the second case.* Our general conclusion 
is, then, that there is no need to invoke anything beyond the classical behaviour 
of vortices and vortex sheets to explain the general method of break-up of the 
sensitive flame. 

On the view put forward here, the sensitiveness is due to the transverse motion 
of the heavy vorticity at the orifice with reference to the surrounding fluid. 
With an approximately plane wave of sound, travelling in a direction normal to 
the axis of the jet, the orifice is the only place where a part of the jet is displaced 
* relative to any other, but by using a small beam of sound, from a small diaphragm 
with a restricted orifice, as shown in figure 5, and holding it close to the jet, so that 
the sound travels either normally, or at 45° to the axis, a sinusoidal disturbance 
may be applied to any part of the jet. Experiments on these lines show that the 
flame is still sensitive over a range of some centimetres from the origin, but that 
the sensitiveness increases very markedly as the orifice is approached. The 
same thing has been shown with the water jet. 

To explain the behaviour of the circular jet, and to contrast it with that of the 
plane jet, it seems advisable to calculate how the vorticity dies off as we recede 
from the orifice. For the circular non-turbulent jet from a point orifice (Schlich- 
ting, 1933) we have 


easel =44/ 3K\ 1 é-&/4 
Sema, 4 ere: a a 
heise! 
where =7,/(>)-5-3 and K=.7/p, 


¥ being the momentum crossing a plane normal to the axis of the jet per second, 
v the kinematic viscosity and p the density of the fluid. The distance « is measured 
parallel to the axis, from the point origin of the jet, y is the distance measured 
normal to this axis, and u and v are the x and y components of velocity. 


* See also G. B. Brown, 1932, p. 169. 
24-2 
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Mr. Tsien and I have shown that for a jet from a finite orifice of radius a, with 
slowly converging approach, the distribution is represented by this formula if 
x is measured from an effective origin represented by 


X= —0-:160Ra, where R=malv, eevee (2) 
uy being the velocity at the orifice. The agreement with experiment is very good 


at distances of some 8 diameters of the jet and greater: unfortunately measure- 
ments could not be made closer to the jet. 


1 3K 
My pee 


du dv Py oy - [3.P2y? ; 
[Fh CaP Oe ee 
0g vP? I oa icy [89 ie : 
oF = aaa or (me mca a 


Pey2 OW ag 
-(1+ 7) ea -21-P9))|. 


The condition for ¢ maximum at x constant reduces to 


9 Pry4 |x — ( P2y2/x2)(56 — 20 P2) + 16(1 — P2)=0 


Oras Pays neo 
9a? (56-—20P*)a+16(1-—P2)=0  —...... (3) 
is the locus of maximum vorticity. That is, 
y/x=9(P), 


or the locus of maximum vorticity is a cone through the effective origin whose 
angle is a function of a dimensionless quantity P, given by the momentum, 
density and viscosity of the jet. 

The vorticity € may be written 


C= Sf, lx), 


or, since y/x is a function of P only along the locus of maximum vorticity, the 
maximum vorticity is given by 


1 
Gras = pv?) 


where # is a complicated function of P whose exact value can be written down if 
desired. ‘The vorticity, then, dies off inversely as the square of the distance 
from the effective origin of the jet. 

If P is large, it will be found that (3) gives 


a=0-4, 
Even if P is 10, this is substantially correct (« =0-4013), and for larger values of P 
the approximation is, of course, closer. In the experiments of Andrade and 
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‘Tsien the lowest value of P was about 24, so that this approximation is justifiable 
for all practical cases. 


Hence for all ordinary values of P the locus of maximum vorticity is given by 
ylx=/0-4/P=0-632.../P 


P. 1/2 
and bmax= — qs G4-2+2P%} 


1 a 
= —()-950.. a , since P? is very large compared to 0-7, 


E0071, oR 
x 


since K = 7/p =7a?u,)? =7R*v?, so that 
we 
=~ R 
and the maximum vorticity at the orifice is, from (2), 
R 
jh Se 
In the case of the plane jet (Bickley, 1937), 
P= Kian) ech” &, 
v =C,(Kv/x?))8[2€ sech? € — tanh €], 
where S=t(hiy) eye 2) K= Mp. 


M=momentum issuing from the orifice per second per unit length of jet normal 
to the xy plane, and cy, cy, cz are numerical constants with the respective values 


S443) 05503"... -0-2751..... This gives 
C= - — = = 20,(Kv)t®x °8(2€ sech® €— tanh €) 


Pe 60K) 0) i yal isech? & 
—sech? € tanh €{3¢9c5(K2/v)! ya? 8E + 2¢,¢,(K/v)x} 
= 2¢5¢3(K2/v)!yx-7!8 sech? € — 3 co( Kv)! 8x tanh ¢ 

—c,(K/v)x-! sech? € tanh €($cocgy2x* + 2c). 
The value of R=K/vv which corresponds to instability is about 30, and for the 
slowest jets used in my investigation of the distribution of velocity in the plane 
jet (Andrade, 1939) R was about 10. The corresponding values of K, with 
the orifice employed, were 3 and 0-33. In the investigation to which reference 
has just been made I find, for the virtual origin of the jet, —x9= 0:65 Rw, where w 
is the width of the orifice. The smallest value of x that need be considered 
is Xp. With the values here contemplated it can be shown that, for reasonable 
values of y (that is, omitting values of y/* which make ¢ so small that they do not 
interest us), the first three terms are small compared to the fourth, or 

€ = —2¢,¢czK/v x1 sech? € tanh & 
= —0-250. .. K/v x} sech? € tanh € 


on inserting the values of c, and Cy. 
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Since in the hydro-magnetic investigation of the growth of the instability 
of the plane jet the vorticity was taken as two sharp sheets, whereas actually there 
is a continuous distribution of vorticity across the jet, it is of interest to enquire 
how sharp are the maxima of vorticity. Figure 6 shows vorticity ¢ plotted against 
y for various values of x, K being taken as 1 and » having the value for water, 
viz. 0-01. This means R=17-3, which is a representative value. ‘The distribu- 
tion of vorticity is shown for the part of the jet to the left of the axial plane only: 


Width of orifice, 


Figure 6. 


for the other side of the jet it is the same, with the sign reversed, as indicated in 
figure 2 (c), which is a sketch of a typical distribution. Figure 2 (d) shows the 
distribution in the case represented by the hydro-magnetic analogy. 

It will be seen that for values of x up to 1, 1. e. up to 33w, the maximum is very 
sharp, and for higher values of x fairly sharp, until we get tox=4 and 8. The 
simple vortex sheets are therefore a fair first approximation. 

The condition for ¢ to be a maximum is 


== C sech? €{sech? € — 2 tanh? S155 og = 
or tanh é =o = Ob 77s eee 
The locus of maximum vorticity 1s therefore 
y= 2392 ad) aes 
and the maximum vorticity is given by 
(mac ealoUe 2773 oe i u\iars 


= —0-0962.. .(K/v) x73, 
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Since the virtual origin of the flat jet is given by 
the maximum vorticity at the orifice is 


pomax = —0°0962.. .. (K/v) (0°65Ra)™ 
= —0-148 .. — 
w 

It is realized that these calculations represent only a rough approximation 
in the immediate neighbourhood of the orifice, since at the orifice itself the actual 
distribution of velocity must differ somewhat from that assumed by Andrade 
and ‘l’sien and Andrade. At quite a short distance from the orifice, however, our 
assumptions are closely obeyed, and even at the orifice itself the calculations give 
a fair guide. 

In the light of these results the hydro-magnetic analogy could be carried out 
to a better degree of approximation by arranging the current-carrying wires 
along the locus found for the maximum vorticity and spacing the wires so that the 
line density corresponded to the law found for the falling off of the maximum 
vorticity. If someone in America, say, should judge it worth while to do this 
I should see the results with gratification. 

If we now compare the round jet with the flat jet we see, firstly, that for the 
former the maximum vorticity diminishes inversely as the square of the distance 
from the effective origin, while for the latter the maximum vorticity diminishes 
inversely as the first power of the distance from the virtual orifice. Further, 
if we take the critical value of R for instability as 370 for the former and 30 for the 
latter (Andrade and Tsien, 1937 ; Andrade, 1939), we have for the maximum 
vorticity at the origin, when the jet is on the point of instability, —1114v/a for 
the round jet and —4-44v/z? for the latter. The vorticity at the origin is, then, 
some 1000 times as great for the round jet as for the flat jet when both jets are 
on the point of instability, if the diameter of the round jet is equal to the width 
of the flat jet (w=2a). With the values used in these experiments, a= 0-045 cm., 
w=-0-03 cm., the vorticity ratio is about 100. 

The sensitiveness of the round jet as compared with the relative insensitiveness 
of the flat jet is to be sought in these results. Sound causes the break-up of the 
jet by the relative transverse movement of the orifice and the surrounding fluid, 
and the seat of the sensitiveness is in the neighbourhood of the orifice. We may 
therefore consider the effect of the sound to be a transverse vibration of the 
vorticity at the orifice, which acts on the vortex sheet in its immediate neighbour- 
hood, the instability developing as the jet travels out in the way traced in detail 
for the double plane vortex-sheet. Heavy vorticity at the orifice will therefore 
give sensitiveness. 

This, however, is not the whole story. We must enquire how it is that, with 
the round jet, so heavy a vorticity at the orifice is compatible with stability for the 
undisturbed jet. The solution lies in the fact that when the velocity of the jet 
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is increased until turbulence ensues, the break-down is not initiated at the orifice, 
but at the part of the jet remote from the orifice. An indication of this is that the 
first signs of instability are a flickering of the remote end of the jet, particularly 
noticeable in the sensitive flames ; but it might be argued that this is because the 
disturbance, initiated at the orifice, has not grown into a visible movement until 
it has travelled the whole length of the jet. Stronger evidence is furnished by 
the photographs of plate 8, taken with a flat water-into-water jet containing 
particles of a light aluminium-magnesium alloy. arepresents the jet in an unstable 
condition owing to high velocity of efflux (800 cm*/h.). 6 to f represent the 
jet at a much lower velocity of efflux (550 cm3/h.), with the orifice constrained 
to vibrate at 4 cycles/sec., the exposure being 1/16 second. It will be seen that 
in the case of the instability due to high velocity the jet travels in an unbroken 
manner for some distance, the large disturbances taking place remote from the 
orifice. When the instability is produced by vibration of the orifice, the distur- 
bance begins close to the orifice, with disengagement of vortices alternately to 
either side, the contrast being particularly marked if we compare a with, say, 
d, the remote disturbance in the two cases being about the same. Other 
evidence in this direction is furnished by an experiment described later. 

If, then, the sensitiveness to sound has its seat at the orifice, while the in- 
stability of the unserenaded flame is initiated by chance disturbances of the far 
end of the flame, the condition for sensitiveness should be a high vorticity at the 
orifice, dying off rapidly. This is just what we have in the circular jet, where the 
vorticity is inversely as x?. With the flat jet, on the other hand, the vorticity 
is inversely as x, and the decay of vorticity is far less marked. 

These considerations explain an interesting experiment of Zickendraht (1932). 
He found that the sensitiveness of the flame could be raised either by putting a 
fine wire just across one side of the circular orifice, or by bevelling the bore of the 
tube back at the orifice, so as to form a sharp edge past which the issuing gas flowed. 
Either of these devices will increase the vorticity at the orifice without modifying 
it at the remoter parts of the jet. The theory here put forward had, in fact, 
led me to suppose that the sensitiveness could be increased by a sharp edge 
of the kind just described, and I was about to carry out the experiment when 
I found that it had already been done. 

Incidentally, the work here described shows that Zickendraht’s theory 
of the sensitive flame can scarcely be valid. He supposes that somehow the 
sound causes volume pulsations inside the flame on both sides, and puts down the 
forking of the flame to the repulsions between spheres pulsating out of phase, 
which have been worked out by Bjerknes. Exactly the same forking, however, 
takes place with water jets, and volume pulsations can hardly be involved here. 

With our experimental jets a was 0-045 cm. for the circular jet, while w was 
0-030 cm. for the flat jet. The length of the flat jet of water in water was about 
20 cm., while the circular jet of water in water could easily be obtained in a stable 
state with a length of 50 cm.—the length of the trough—and could clearly have 
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been longer if the length of the trough had permitted. Taking these lengths, 
we have the following :— 


Vorticity at Vorticity at 
orifice far end 
Round jet 5500 13-6 
Flat jet 50 ils 


It will be seen that whereas, for the round as against the flat jet, the vorticity 
is 100 times as great at the orifice, it is only about 9 times as great at the far end 
of the jet, and, as stated, it was clear that a longer round jet could have been 
obtained. ‘The figure for the far end is extremely rough for the flat jet, as experi- 
mentally the flat jet does not remain flat, but tends towards the circular form at 
great distances. 

Returning to the circular jet, we may enquire how the sensitiveness and the 
range of frequency for which the jet is sensitive depend upon the diameter of the 
orifice. The vorticity at the orifice, given by o¢max= —3:01vR/a?, involves the 
kinematic viscosity of the fluid, the diameter of the orifice and the velocity at the 
orifice, which are the variables which may be taken as likely to affect the range of 
frequency favourable for response. R is, of course, dimensionless and the 
dimensions of v/a? are those of a frequency. Hence it is permissible to take 
vR/a? as the expression determining the frequency range of response. We can 
take as an arbitrary measure of this range the lowest frequency at which a dis- 
turbance of standard size takes place, the amplitude of the disturbing sound 
being either constant or a fixed function of the frequency. No quantitative 
measurements of the disturbance were made, but it is easy to judge by eye a rough 
standard. Our oscillator, with resistances once set, gave constant intensity 
at a particular frequency. 

With such rough estimates of standard intensity of sound and standard 
disturbance, it was found that the smaller the orifice of the circular water jet the 
higher the range of frequency, and further, that the very small orifices were 
extremely sensitive. This is in qualitative agreement with the formula, since 
with each orifice the velocity was taken very near that of instability, which means 
the same value of R in each case. 

If a is fixed, and R is fixed by taking a velocity close to that of instability, 
then the lower limit of the frequency range should be proportional to v. ‘This 
‘was also qualitatively confirmed with different fluids from the same orifice, the 
limiting frequency increasing in the order water, air, flame-gases, which is the 
order of increasing kinematic viscosity. 


§10. SEPARATION OF THE SENSITIVENESS TO SOUND AND THE 
SENSITIVENESS TO RANDOM DISTURBANCE 


If, while the orifice is the source of sensitiveness to sound, the remote part 
of the flame is the origin of turbulence due to velocity only, then it should be 
possible to increase the sensitiveness by shielding the upper part of the flame. 
The best way to do this appeared to be to surround the upper part of the flame by 
steady hot moving gases, so as to reduce the gradient of velocity and temperature. 
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Accordingly the upper part of an ordinary sensitive flame, from a circular 
steatite nozzle, was surrounded by a tubular furnace, which, in the only experi- 
ments carried out before the war came, was maintained at about 400° c. It was 
found that, as anticipated, this rendered the flame insensitive to the ordinary 
chance disturbances, such as slight draughts. The addition of the furnace made 
it possible to increase the gas pressure from 26 to 29 cm. of water without flaring, 
the height of the flame being increased from 61 to 68 cm. The sensitiveness to — 
sound was much increased. As a rough test a Galton whistle was sounded, | 
under standard conditions, in a side room: this produced no effect on the bare 
flame adjusted to be on the point of flaring, but produced very marked dis- 
turbance, of the usual type, in the flame protected by the furnace and adjusted — 
to the higher stable velocity of efflux thus made possible. 

The photographs of plate 8 suggest that it may not be necessary to restrict 
the use of the sensitive jet to the non-turbulent condition, as has always hitherto — 
been done. a, plate 8, shows that, even when there is marked turbulence 
in the upper part of the jet, due to high velocity of efflux, the lower part of the jet — 
shows nothing of the type of disturbance produced by sound. With stroboscopic 
observation it may easily be possible to trace the effect of sound on a flaring jet, 
which, on account of the high orifice velocity, should be very sensitive. 

Many odd observations on the sensitive flame can probably be traced to the 
relative behaviour of the jet close to and remote from the orifice. Such questions 
as whether it is possible to increase the sensitiveness by altering the orifice from 
a circular to a slightly elliptical shape, on which there are conflicting opinions, can 
probably be resolved by such considerations. Does slightly stretching the 
dimensions of a circular orifice parallel to one diameter decrease the velocity — 
of the remote part of the flame if the average velocity of efflux is maintained? | 
This is clearly a complicated question, which may be governed by various minor 
considerations. 

It does appear, however, that an explanation is now available of the funda- 
mental phenomena, and that a method of approach to the various minor 
attending problems is to hand. 


Such are the trifling questions with which I have endeavoured to beguile 
your time, such the solutions which I have to offer. Weighty problems of cos- 
mology or of the ultimate nature of the forces which rule the physical world have 
been dealt with by past lecturers and will, no doubt, be handled by those who 
will follow me. I have already apologized for setting before you fare lighter 
than that to which you are accustomed, but I will conclude by using in my excuse 
the words which John Fletcher set down in his dedication of the Faithful Shep- 
herdess to Sir Robert Townshend : 

‘““ Yet I oft have seen great feasters 
Only for the please the pallet 
Leave great meat and choose a sallet.”’ 
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THE 23105 BAND OF OD 


By Mie ISHAQ; M.A.) Pu.D., 
Muslim University, Aligarh 


Communicated by Dr. R. W. B. Pearse, 20 January 1941 


ABSTRACT. The X3105 band of OD has been photographed in the 4th order of 
a 10-foot concave grating. The band, like that of OH at 3122, is the (1, 1) band of 
a 2+->2]J,,, transition. An analysis of the rotational structure has been made, and 
the values of the rotational constants have been determined and compared with those for 
the corresponding OH band. 


Sie INR O DUC TORS 


N 1934, R. W. Shaw and R. C. Gibbs reported that they had photographed 
|= (0, 0) and (1, 1) bands of OD, but their analysis has not, so far, appeared. 

Later, the author published the rotational analyses of the (2, 0) and (3, 1) 
bands (Ishaq, 1937 a) and the (0, 0) band of OD (Ishaq, 1937 b), and also 
attempted the analysis of the (1, 1) band. This band, being mixed up with 
the tail end of the (0, 0) band, proved rather difficult, but the analysis has 
now been successfully carried out, its correctness being shown by the combination 


differences. 
Ss EXPERIMENTAL 


The type of discharge tube and the method of excitation were similar to those 
previously described (Ishaq, 1937). The heavy water was obtained from 
Imperial Chemical Industries, Ltd., and was 99-2 per cent pure. 

The band was photographed in the 4th order of a 10-foot concave grating 
at the Imperial College, London. The dispersion was about 1-3 a./mm., and 


the time of exposure was about four hours. Wave-length measurements were 
made by comparison with the iron arc, the iron standards being taken from the 
Transactions of the International Astronomical Union, 4, 1933, supplemented 
by Kayser’s Handbuch der Spectroskopie, vol. vil. 313 rotational structure lines 
have been measured. In the interests of economy their wave-numbers are not 
given here, but a catalogue similar to that given by the author in 1937 for the 
(0, 0) and (1, 1) bands of OD has been placed in the archives of the Physical 
Society.* 
§3. ROTATIONAL STRUCTURE AND TERM DIFFERENCES 

A photograph of the (0, 0) and (1, 1) bands, with their analysis into branches, 
is reproduced in the plate, figure 1. The structure is similar to that of OH 
bands, which are attributed to a ?X+->2I],,,. transition. An energy-level 
diagram showingthe branches identified is given in figure 2. 
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Figure 2, Energy level diagram for a ?2+—>*J/iny. transition showing the branches 
identified for the (1, 1) band of OD. 


Rotational term differences for the 2X state 


The rotational levels of the ?& state are treated as singlets, as only the main 


branches are observed and not the satellites corresponding to the spin-doubling 
of these levels. 


: Three copies are available in the Library of the Physical Society, 1 Lowther Gardens, 
Exhibition Road, London, S.W. 7, and three have been sent to the Office of the American Institute 


of Physics, 175 Fifth Avenue, New York. They may be consulted by applying to either of these 
addresses.—EpDITor. 
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The rotational term differences, 
A, F’(K)= F(K+1)-— F’(K -1), 
are obtained from the combinations 
A.F(K)=R,(K+1)—P,\(K+1)=R(K+1)— PK +1). 


The values of these intervals are given in table 1. 


Table 1. Rotational term differences for the 2» state 


K R(K+1)—P\(K+1) R(K+1)—P,{K+1)| K R(K+1)—P(K+1) R(K+1)—P(K+1) 


1 86°95 86°88 11 Aad ONS, Aa ALS) 
2 121-87 12 ted 12 459-96 459-52 
3 156°52 156-33 13 491-83 ANIE69 s% 
4 190-98 190°55 14 523-83 523-05 
5 225-54 224-73 15 = 25D216 So O5)s) 
6 260-00 259-63 16 586°38 586:32 
7 293-66 293-08 iy 616-74 616-48 
8 327-70 326°55 18 646-92 646°79 
9 361-50 360-31 19 676-74 676-24 
10 394252 393-18 20 TORE: 


Rotational term differences for the II state 


In the 2II state each of the sub-states 7I1,, and II, has a set of rotational levels 
which are split up into two close sub-levels on account of A-doubling. 
The rotational term differences, 
A FP" K+4)=F'(K+1)-F'(B), 


are evaluated from the following combinations : 


Sf AvPrea (K + 2) = RK) — O1(K + 1), 
VLA Fiad (K+ 3)=90,(K)-P(K +1) ; 


Sf Ai Poea(K + 2) = R(K) — Q2(K + 1), 
A Foad’(K +4) = O.(K) — P3(K + 1). 


Their values are given in tables 2and 3. The values for the (3, 1) band, A2756, 
of OD are taken from the analysis by Ishaq (1937 a) except those derived from 
the following members of the Q, branch for which new wave-numbers have 
been obtained: 


for *I1,, 


for “TT, 


Revised value Provious value 
Q.(8) 36044-1 36046-2 
Q,(12) 35923-1 35925-7 
O,(13) 35884-0 35886-2 


O,(14) 35841 -2 35844°8 
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The differences between the values of A, F,,((K +4) and A,F j'(K+34) are 
a measure of the A-doubling, for | 
A Fyi'(K +4) —Ar Fea (K +4) = [Fi (K +1) — F.(K+ 1) + [Fa(K)— F(A) 
=Av,(K+1)+Av,(K) 
'=20,,(K +4), Say- 
The quantity 5,,(K +4) is thus the mean of the A-doubling in the levels F’(K + 1) 
and F’(K). Its values are shown in table 4. 


§4. CALCULATION OF THE ROTATIONAL CONSTANTS 

(1) The term differences for the 7X state are well represented by the energy 

function 
F(K)=BeK(K +1)4+ Di Kelp +. . 
with values of B,’ and D,’ given in table 5. ‘The differences are given by 
A,F'(K)=(4K + 2)[By +2D,(K?+K+1)+ ...] 

In table 5 the values for OH are due to Tanaka and Koana (1933) and those 
for OD to Ishaq (1937 a and b). 

(2) For the calculation of the rotational constants of the *IT state, the closed 
formula due to Hill and Van Vleck (1928) has been used: 

Fd == | 7+ HPAP} {4+ p+ = & — t) ats aca 

For a II state, A=1. 


Table 2. Rotational term differences for *I1,,; sub-state 


K 4,F ica” (K+4)=R,(K)—O\(K+1) K 4, Fide" (K+ $)= Q,(K)—P,(K+ 1) 
(1, 1) band, 43105 (3, 1) band, \2756 (1, 1) band, 43105 (3, 1) band, A2756 
1 45-27 45-1 1 44-99 45-0 
2 63:14 63-2 2 63:22 63-7 
3 81-64 81-7 3 81-45 81-4 
4 100-14 99-9 4 99-65 99-8 
5 118-63 118-5 5 117-91 118-3 
6 137-28 137°3 6 136-27 136-2 
7 156-03 155-7 7 154-49 154-2 
8 174-30 .1741 8 172-87 172-4 
9 192-91 193-0 9 191-05 190-6 | 
10 211-66 211-3 10 209-23 208:7 
ta 229-98 230-2 11 227-17 226°8 
12 248-07 248-2 12 244-79 244-2 
13 266-32 266-3 13 261-87 261-8 
14 28466 285-1 14 279-39 279-9 
15 302-93 302-4 15 296:59 
16 320-49 16 313-64 


eee 


Table 3. 


The 43105 band of OD 


4, Fea” (K+ 3) =Ri(K)— O.(K + 1) 


(1, 1) band, A3105 (3, 1) band, 2756 


Rotational term differences for the ?II, sub-state 


S18) 


A,Fede’ (K+ 3) = Qx(K)—P(K-+ 1) 


28-92 Boral) 1 28°84 229 
50:58 49-8 2 50:46 48-9 
70-65 69-6 3 71:06 UND 
90°33 89°8 4 90:65 il ott 
110-20 ODS 5 110°55 WO’ 
129-80 129°5 6 130-61 130-4 
149-19 149-6 v7 149-05 150-1 
168-66 168-6 8 168-13 168°3 
187-63 187-8 9 187-07 187-9 
206-69 206-6 10 205°55 206-7 
229739 22552 11 225-04 224°8 
24411 245-3 12) 242-99 243:-0 
262:°56 263-0 IS 260-91 260°8 
280°77 14 278°87 PHA 
299-25 NS 296-97 
316°57 16 S149 
334-84 17 SSIGS 
352-08 18 347-82 
369-00 19 364°35 
385-95 
402°53 
419-33 
436-24 
452-14 
467-94 
Table 4. A-doubling in the *II state 
K Miss 21 K 21T14 AMG 
1 0: —0-04 11 E40 —0-16 
2 aU U4 —0-06 iE = ihe, —0:56 
3 =s(ril@ +0-20 iS Py) —0-82 
4 0°25 = 0:10 14 —2-63 —0-95 
5 0-36 +0-18 hs 3-17 —1-14 
6 —(:50 = 0:40 16 —3-42 = 1-53 
7 =Oery —0-07 iy S11e333) 
8 —0-72 —0-26 18 SSNS 
g) =-()-93 —0:28 Wy Sa PPPS: 
10 —1-22 —=(0°:57 


(1, 1).band, 43105 (3, 1) band, A2756 
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Table 5. Rotational constants of OH and OD 


v’, v” A By De By De 

0,0 36D 3065 9-020 —0-580x 10-3 9-870 —0-400x10 
OH 3064 16-955  —2-:00 x10-% | 18516 —1-82 x104 

2,0 OD 2708 8-367. —0-:577xX10- 9-865 0430x103 
OH — 2608 15-283 —2-:00 x10 | 18-524 1-82 x10 

11 Os eed: 8-695  —0-580x10-% 9-584  —0-350x 10-3 
OH 3122 16-117. —1-98 x10-8 | 17-809 —1-78 x10-8 

3,4, ,ODs 2756 8-042 —0-555x103 9540  —0-350x10-9 
OH 2677 14-458 —2.09 x10° — = 


Splitting the formula into two parts, we get 


ris=B [(J+y—144 {sr syre gs (5-4) P| + 


F(J)=B | +H oe {4+ P+ S & =) al a 
On summation and adding a term containing D, 
F,(J) + F (J) =2B[(J + 4)? -— 1] + 2D[(J +4)? -1]}? + ...., 
and taking the first differences 
A, F,(J) +A, F (J) =4(J + 1)[B+ D(2J7+474+4)....] 


The rotational constants B’’and D’’ shown in table 5 are obtained by means of 
this equation. 


(3) For the calculation of A, we take the difference of F\(J) and F,(J) : 


A/A 3 
FJ) FS Bid betes als 4 ) } 
We have therefore 
2 
(5-2) = (AW) FO) HED). 
If the small effects of A-doubling in the 2II state are neglected, the intervals 
F,(J)—F,(J) are given by the combinations 
PJ) — FAS) = RY) — Qo(Y) = Qi) — Po). 
The values of A so derived are given in Table 6. 


Table 6. Values of A (cm.—!) 
hoiens 14 24 34 43 54 63 7% 83 93 103 
A....—139-4 —139-2 —139-8 —139:8 —139-7 —140:2 —139-7 —140:8 —139-2 =13¢-%6 
Mean: A=—139-6 
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§1. INTRODUCTION 


HE measurement of wind had its scientific birth in Italy, in the late 16th 
century, and in this country sometime prior to 1667, when Robert Hooke 
described an anemometer to the Royal Society. Since that time the 
subject has progressively expanded down to the present time. Now, in an age 
in which aerodynamics and meteorology have assumed much enhanced practical 
importance, anemometry continues to improve upon its past constructions. 

It is not the purpose of the present article to give a detailed historical treat- 
ment of the progress in anemometry, but to show the way in which physical 
principles have been successively applied in the development of apparatus, 
with notes on the characteristic features of the more important instruments 
in the several classes of anemometer. 

Wind may be natural, the motion of the free atmosphere, or artificially pro- 
duced as in the flow of air or other gases through pipes, ducts, wind tunnels, etc. 
Whichever be concerned, the same physical principles are applied in the measure- 
ment, though,.on account of the generally different features of the motion in the 
two cases, instruments for measuring the one have developed along rather different 
lines from those for measuring the other. Some attention will be given in the 
present article to the measurement of each kind of air motion. But before 
proceeding to a survey of the instrumental methods employed in wind measure- 
ment it is desirable to have in mind the salient features of wind, whether in a 
laboratory or in the atmosphere. For to the question ‘‘ What is there to be 
measured ? ’’ there are several answers, and instrumental needs will vary with the 


answer given. 
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§2. CHARACTERISTICS OF AIR MOTION 


Wind is a vector quantity and is specified by its speed and direction. In the 
laboratory, in pipes, tunnels, etc., the general direction of flow is predetermined, 
but in the atmosphere it is a quantity for measurement. 

Air flow may be of two kinds, so-called laminar or streamline flow and turbulent 
flow, of which the latter is of the greater practical importance both in pipes, etc., 
and in the atmosphere. The nature of the flow at any instant may be demon- 
strated by mapping the field with so-called streamlines, at any point of which the 
tangent gives the direction of flow. In laminar flow, the external conditions 
remaining constant, the motion is steady, the streamlines remain unchanged, and 
all fluid elements successively entering the field of flow at a given point traverse 
the same path, which in such a case is a streamline. For our present purpose 
the important feature of laminar flow is that, molecular motions excepted, the 
velocity at any point of the field is not a function of time. 

In turbulent flow it is not normally possible to trace out the streamlines, 
which vary from moment to moment, and fluid elements entering the field succes- 
sively at a given point do not traverse the same path. ‘The motion is irregular 
and the fluid velocity at any point varies in speed and direction from one instant 
to the next. Nevertheless, the motion at any point may be characterized by 
a mean value, if the period over which the mean is taken is sufficiently long te 
include a representative set of fluctuations. Alternatively, the mean value 
may be defined spatially instead of temporally. Every physical instrument does 
in fact give some kind of mean value over a certain volume determined by its size 
and over a time depending on its inertia. When the flow is turbulent it is fre- 
quently necessary to know other quantities than the mean velocity. Such 
are :— | 
(i) Instantaneous departures from the mean value, frequently expressed | 

as turbulent components of velocity u’, v', w’, along three co-- 
ordinate directions, the mean value of each being zero. 
(ii) The arithmetical mean value or root-mean-square value of the: 4 
turbulent components wu’, v’, w’. ; 
(iii) The frequency distribution in the turbulent components in magni-- 
tude and period. 


Obviously any one instrument is not likely to be suited to a measurement off 
mean velocity and also of the above quantities. | 

In turbulent flow through pipes, wind tunnels, etc., the instantaneous varia-4 
tions from the mean speed are generally not more than a few per cent of the latter, 
and the frequencies of the fluctuations are mainly high, extending in any cased 
over a considerable range, up to at least some few thousand per second. The: 
turbulence is said to be fine-grained. In the atmosphere, on the other hand, near 
the ground, the instantaneous variations may be a much greater fraction of t 
mean speed (see figure 7) and much larger periodicities are involved, of the} 
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order of a second to an hour. To what extent fine-grained turbulence is also 
present in the atmosphere remains to be investigated. 

Finally, the mean velocity at any point in a fluid stream is a function of the 
distance from the boundary encompassing the flow, so that observations at a 
single distance from the boundary will be of limited significance if the variation 
with distance is not also determined. This variation depends on the nature of 
the flow, * whether laminar or turbulent, but in all practically important cases 
becomes less as the distance increases. 


§3. CLASSIFICATION OF ANEMOMETERS 

Anemometers may be classified according to the physical principles employed 
in their design, as follows :— 

(1) Time-displacement anemometers, which measure the rate of displace- 
ment of some entity of negligible inertia released into the air stream. Such 
instruments give a direct measure of the velocity ‘“‘ following the motion ”’. 

(2) Velocity meters, in the main rotation anemometers, whose indications 
are dependent, to a good approximation at least, only on the local velocity of 
the air stream and not on such properties as air density. In this class are 
included instruments of the windmill type, rotating cup anemometers and 
flame air-meters. 

(3) Pressure anemometers, which are of two types, depending 

(i) on the relation between hydrostatic pressure and velocity at any point 
_in the moving fluid (Bernouilli’s equation) ; 
(ii) on the pressure exerted by the fluid stream on a suitably mounted 
plate or other solid body. 


In each case the instrumental response depends on the air density as well as on 
the speed. 

Instruments of the first sub-class may be conveniently referred to as mand- 
metric anemometers, of which the Pitot-static tube is the most important member, 
since, suitably designed, it occupies the position of a standard instrument. A 
modification of the Pitot-static tube for meteorological use is established as a 
pre-eminent instrument in this and some other countries. Also in the sub- 
class are instruments whose action depends on a constriction in the flow, e.g. the 
Venturi tube, plate orifice and shaped nozzle. 

The second sub-class comprises instruments of the so-called pressure-plate 
type. 

(4) Anemometers depending on the dissipation of heat or matter from a 
body placed in the air stream. The most important of the heat-dissipation 

* The properties of the flow about a body or through a tube, etc., are determined to an im- 
portant extent by the Reynolds number valv, where v is the fluid velocity, da length representative 
of the body, tube, etc., and v the kinematic viscosity of the fluid (equal to the coefficient of molecular 
viscosity divided by the density). There is no fixed value of the Reynolds number at which 
laminar flow becomes turbulent, but in flow through a pipe the motion will be laminar if vd/v 


(d=tube diameter) is less than about 2000. 
25-2 
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instruments is the electrical hot-wire anemometer. There is also the Kata- 
thermometer. Of little more than historical importance is an instrument which 
depends on the rate of evaporation from a wetted surface as a function of wind 
speed (Brewster, 1830). 

(5) Acoustic anemometers, in which a note is produced whose pitch depends 
on wind speed. This is a class of no practical importance. 


§4. TIME-DISPLACEMENT ANEMOMETERS 


Nature presents us with the rudiments of the displacement anemometer in 
thistledown apd suchlike entities which have a very low terminal velocity of 
fall through the air and which move for all practical purposes with the fluid 
element into which they are released. An absolute measure of velocity is obtained 
by timing the motion of such entities. 

The first recorded application of the method, some time before 1680, is by 
Mariotte (1717). Even today the method is not to be despised for the measure- 
ment of light winds in the atmosphere. Refinements of the method are seen 
in the measurement of upper winds in the atmosphere by means of free-lift 
pilot balloons followed by theodolite, or by balloons carrying wireless trans- 
mitting equipment and followed by a suitable ground receiver. 

The method has also been used in the laboratory, particularly in investigations 
of turbulence, by releasing ‘‘ hot spots ”’ of air into the stream and following their 
motion by Schlieren photography (Townend, 1934), or again by the observation 
of ultramicroscopic particles suspended in a fluid stream (Fage and. Townend, 


1932 ; Fage, 1936 a), the particles being observed through a rotating microscope 
objective. 


§5. VELOCITY METERS 
The most important instruments of the velocity-meter class are rotation 
anemometers in which a wind-sensitive rotor turns at a rate determined by the 
wind-speed. Because of friction at the bearings the rate of rotation does in fact 
depend very slightly on air density also, but the corrections for its variation are 
usually negligible. Rotation instruments have a history dating from the mid- 
eighteenth century, though only during the last century (with the introduction 


of the rotating cup anemometer and windmill-type airmeter) did they come into 
wide use. 


§6. ROTATING CUP ANEMOMETERS 
The rotating cup anemometer arose from experiments by Borda (1763) and 
Edgeworth (1783) on the resistance of different forms of surface held in a stream 
of fluid. In particular, the resistance of a cup whose concave side faces the wind 
is greater than when the convex side faces the wind. Robinson (1846) of Armagh 
Observatory developed an instrument for meteorological use, employing hemi- 
spherical cups, 3 in, diameter, on two crossed horizontal arms, 10-7 in. length 
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from cup centre to cup centre, mounted on a vertical spindle. Cacciatore (1842) 
had previously built an instrument for use at Palermo Observatory using four 
curved sails instead of cups. 

The very extensive literature of cup anemometry has been much concerned 
with the so-called cup factor, i.e. the ratio of wind-speed to cup-speed. Robinson 
at first erroneously stated this factor to be a constant, independent of cup diameter 
and arm length, and equal to 3-0. Later work showed that the factor may lie 
between 2 and 3, depending in an unresolved way on the various structural 
variables, and that in no case is it a constant, but a function of wind-speed. ‘To 
overcome the latter feature in some measure it was the standard practice to 
apply a factor to the records of instruments at meteorological observatories, etc., 


Figure 1. Sensitive portable cup anemometer. 


which should be correct at the most probable wind-speed experienced at land 
stations. This procedure involved errors which, at lower and higher wind- 
speeds, were frequently considerable. 

Investigations in the last two decades have added much to our knowledge 
of the effect of certain of the variables affecting cup-anemometer characteristics, 
but a complete mathematical treatment of the motion has not so far proved 
possible. Of experimental work the most important in the period is due to 
Patterson (1926) who showed that: 

(i) The cup factor was more nearly constant for a 3-cup system than 
for a 2, 4, 5 or 6-cup system. 
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(ii) The mean torque on one cup for one revolution was slightly greater 
for the 3-cup than for the 4-cup system and the torque was less 
variable with angle of wind incidence in the former case. 

(iii) Approach to constancy in the cup factor is best attained by short 
arms, but this result may not be of general validity. 


Patterson’s investigations led to the adoption in 1924 of a 3-cup system as 
standard in the United States and Canada, where the instrument is extensively 
used. 

A further advance in design was made by the discovery by Dryden (1934) 
that a beaded edge on anemometer cups resulted in the anemometer calibration 
being less variable with variation in wind-stream turbulence of fine grain than 
was previously the case. 

On the theoretical side Spilhaus (1934) has given a treatment based on the 
principle of dynamical similitude, in which he has shown the importance, and 
in some cases the effects, of the following non-dimensional parameters :— 


(i) The ratio, d/D, of cup diameter to diameter of cup-centre orbit. 

(ii) A Reynolds number wv9d/v (v= value of wind-speed at which cups 
just cease to rotate, v= kinematic viscosity of the air). 

(iii) The ratio A/d, where A is some length characterizing the magnitude of 
the air-stream turbulence. . 

(iv) The ratio 6/d(D/d—1), where 6=diameter of cup arms. (The ratio 

is representative of the area of the arms exposed to the wind to the 
area of a cup face). 


In particular he has shown that it should be possible to design a cup anemo- 
meter with the calibration equation 


Ue Uy Cle ae Oy eee (1) 
where v=wind speed, 
u=speed of cup centres, 
and c=constant, 


so that the true wind-speed may be derived from an indicated speed, based on the 
value of c, by the addition of a simple constant. Such an instrument (figure 1) 
has been designed by Sheppard (1939). It employs three semi-conical cups, and 
the anemometer spindle is mounted on miniature ball bearings. The rotation- 
counting mechanism is a watch movement, the escape lever of which is operated 
by the rotation of the anemometer spindle. This instrument responds to winds 
down to about 20 cm./sec. More usually cup anemometers have not been 
sensitive to winds below about 1 m./sec. 

On account of aerodynamic and inertia effects, a cup anemometer over- 
estimates the mean wind-speed if the wind is gusty. Chree (1895) and Schrenk 
(1929) have estimated the effect for hemispherical cup anemometers. For those 
of normal dimensions—9-in. cups on 24-in. arms in a design due to Beckley (1856) 
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were used for many years at British observatories, whilst semi-portable patterns 
with 3-in. cups and 74-in. arms have also been widely used—the over-estimation 
in a natural wind may amount to as much as 10 or 20 per cent in low winds, 
decreasing with increase in wind-speed. In Sheppard’s instrument the effect 
has been much reduced. 

Various methods, mechanical and electrical, are available for recording wind- 
speed by means of cup anemometers. In most cases the recorder does in fact 
give the run of wind from which the mean wind-speed can be deduced over any 
desired interval of time. The instrument is not normally suited to display the 
structure of wind, i.e. the succession of gusts and lulls of which it is usually com- 
posed, though Maurer (1883) used a governor device to indicate “‘ instantaneous ”” 
wind-speed, and in another case (Johnson and Heywood, 1938) the anemometer 
spindle was linked with a dynamo and recording voltmeter. 

The chief merit of the cup anemometer is that its indications are independent 
of the wind direction in the plane of the cup motion, so that no wind vane is re- 
quired for meteorological use. Because of its limitations in other respects it has 
largely fallen out of use as a recording instrument in this country, but continues 
useful where a portable instrument is required to give mean wind-speed. It has 
been little used outside the meteorological field, but.small sensitive patterns 
of the Sheppard type may well have uses in wind-tunnel work, etc. 


§7. WINDMILL ANEMOMETERS (VANE AIR-METERS) 


This type of anemometer (figure 2) consists of a set of light vanes mounted on 
radial arms attached to a spindle which rotates in jewelled bearings, the spindle 
being linked with a rotation-counting mechanism. The spindle should lie in 
the direction of the air stream, so that for meteorological use the instrument 
needs to be mounted on a wind vane. 

Schober (1752) and Woltmann (1790) first developed the vane air-meter on 
the continent, whilst in this country it is associated with the name of Whewell 
(1837). Considering the wide use of windmills in earlier times, it is surprising 
that the instrument was not developed sooner. Various designs of vane air-meter 
are used, differing in the location of the counter with respect to the vanes, or in 
the use of curved instead of flat plate vanes; and Ower (1926 a), by reducing the 
gearing and counting mechanism to the minimum possible, has designed a par- 
ticularly sensitive pattern suitable for use in light winds down to about 20 cm./sec. 

If bearing friction be neglected, the vane speed, u, in a wind of speed a will be 
such that the wind-speed relative to the vanes is along the latter, i.e., there is no 
resultant force perpendicular to the vanes. If the vanes at rest are set at an angle 
6 to the wind direction, then 

pe tae 8) h= PEP ET PN ea. (2) 


giving a linear calibration. 6 is usually about 45°, so that w and v are approx1- 
mately equal. This is in contrast to the cup anemometer, in which cup-speed 
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is much less than wind-speed. Further, the radius of action of a ae " 
usually much less than for cups, so that much higher rotational speeds are ‘aa ve 
with the vane air-meter than with the cup anemometer. Thus, whilst the cup 
anemometer may be used in a wide range of wind-speeds, the vane alee as 
usually designed is not suitable for winds greater than about 15 to 20 m.p.h. 


Figure 2. Vane air-meter. 


Ower (1926 b and 1937) has given a quantitative treatment of the vane air- 
meter when the effects of friction are included, making use of the aerodynamic 
characteristics of flat plates. ‘The analysis shows the effects of the following 
variables on the motion :— 


(1) Azr density. Wind-speed measurements may be made to an accuracy 
of 1 per cent by neglecting air-density variations up to about 10 per 
cent from the standard (calibration) value. Correction for air density 
is not therefore normally required except at high-level stations. ‘The 
correction is proportionately greater the lower the wind-speed. 

(ii) Blade angle. 'The optimum blade angle—that is, the angle between 
blade and wind direction for which the anemometer has the best 
response in low winds—appears to be about 40°. 

(11) Wind gustiness. ‘The anemometer over-estimates the mean wind-speed 
when the wind is variable. For air meters of normal dimensions 
(diameter of vane circle, 3 in. to 4 in.) the over-estimation is less than 
1 per cent for a 10-per-cent simple harmonic variation of speed on 
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either side of the mean. The error, however, increases with the 
square of the amplitude of the fluctuations and may, perhaps, be 
considerable in natural winds. 


When setting up an air meter for wind-speed determination it is not necessary 
to know the wind direction with great accuracy. Tests have shown that with an 
instrument of normal proportions the error on the indicated speed reached 
2 per cent only for 20° yaw. 

The vane air meter is an exceedingly useful instrument in the range of low 
wind-speeds, being relatively compact and simple to use. Like the cup anemo- 
meter, it is an integrator of air flow, the mean speed over any time interval being 
obtained from the difference between initial and final dial readings and the 
application of the calibration curve for the particular instrument. Although 
the dial is normally engraved in “ feet of air”’, accurate work demands the use 
of a calibration curve which should be appropriate to the attitude in which the 
air meter is used. ‘lhe common advice of makers to add a certain number of 
feet/min. to indicated air speeds to obtain true speeds should not be followed 
without verification. 


See LOLS TA LIC TUBE 

Pitot (1732) was the first to employ the excess pressure in a tube bent so that 
one end faced into a flow of water as a measure of the speed of the flow. The 
indications of such an instrument used in liquid or gas were clarified by means 
of Bernouilli’s theoretical investigations (1738) into the motion of an idealized 
fluid which did not possess viscosity. Bernouilli’s equation relating the hydro- 
static pressure ps at a point on a streamline to the velocity v at the point may be 
written 

ips + 4p —constant=);,;sayns 9 ne oS (3) 
where p is the fluid density, assumed constant (fluid incompressible), and changes 
in level are neglected. The equation is a statement of Newton’s second law for 
fluid in steady motion. The second term on the left of equation (3) has the 
dimensions of pressure and is usually referred to as the velocity head, whilst the 
sum of the two terms is called the total head. Thus along any streamline the 
total head is constant, and where the velocity is high the hydrostatic pressure 
(usually abbreviated to static pressure) is low, and wice versa. ‘The neglect of 
compressibility will involve no serious error for air speeds less than about 60 m. /sec. 
(140 m.p.h.), and the neglect of change in level is justified in all practically im- 
portant cases of air-flow measurement. 

From equation (3), the total head may be measured by reducing the air speed 
on a streamline to zero. This is the action of the Pitot tube; assuming no dis- 
turbance to the flow by the tube, and neglecting the effect of viscosity at the wall 
of the tube, the energy of motion of the fluid impinging on the open end is con- 
verted into potential energy, represented by a correspondingly increased pressure 
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within the tube. Barker (1922) has shown experimentally that the neglect 
of viscosity is justified except for very small tubes at low speeds, or, in terms 
of the Reynolds number, when this is less than about 60. For the rest it has 
been found that an open-ended tube, the form of which may be varied within 
wide limits, gives a true measure of total head. 

In order, however, to determine the air speed the static pressure must also 


be measured, so that from (3) 
= sf pi Ps) ee (4) 
p 

If a small thin plate be introduced into the air stream with its plane in the direction 
of motion, each side of the plate will experience the static pressure at that position. 
To obtain a practicable arrangement with a lead to a manometer, and such that no 
disturbance to the flow is created at the point of measurement, a more complex 
arrangement is required. The most general procedure is to combine a so-called 


Wind Direction. 


Figure 3. N.P.L. standard Pitot-static tube : 
from Modern Developments in Fluid Dynamics, 1938 (Oxford University Press). 


static tube with a total head or Pitot tube. The single instrument, a Pitot-static 
tube, consists of a double-walled tube bent at right angles, the shorter branch 
being aligned with its axis in the direction of the flow. This branch is tapered 
down by a conical or hemispherical fitment at the end to leave a single hole facing 
the wind, connected to one arm of a manometer through the inner tube. At 
about six tube diameters behind the total head opening, small holes are drilled 
through the outer tube with their axes normal to the axis of the tube, and they 
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connect with the other limb of the manometer through the annular space between 
the inner and outer tube. he flow being parallel to the walls of the tube at 
the location of the holes, the latter experience the static pressure there, so that 
the manometer will indicate the difference between the total-head and static 
pressure, i.e. the velocity head. 

Figure 3 shows the standard N.P.L. design of Pitot-static tube with a conical 
head. ‘This is rather liable to damage, and another widely used and more robust 
form, with hemispherical head, is shown in figure 4. Both instruments have 
been carefully calibrated on a whirling arm in still air and, using equation (4) 
above, give values of air speed accurate to within 0:5 per cent of uv (generally 
better) over the speed range 3 to 250 ft./sec. It is to be noted that with such 


Tholes ‘0-12 Ddia. — Hemispherical, 
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Figure 4. Pitot-static tube with hemispherical head : t 
from Modern Developments in Fluid Dynamics, 1938 (Oxford University Press). 


instruments the static and total pressures are not measured at the same point, 
but the gradient of static pressure along the stream will rarely be sufficient to 
introduce sensible error on this account. 

The error in air-speed determination by lack of exact alignment of the Pitot- 
static tube with the wind direction is less than 1 per cent for an angle of yaw up 
to 5°, and in the hemispherical nosed instrument is less than 24 per cent up to 
an angle of 30°. wie 

The Pitot-static tube is simple in construction, and damage to it likely to 

involve error in its readings will generally be apparent. If built according to 
SN.PLL. specification it represents a standard instrument against which other types 
of anemometer may be calibrated. It has the disadvantage that only very small 
pressure differences are developed for moderate or small air speeds—air of normal 
density moving at 1 m./sec. (2°24 m.p.h.) gives 0-0062 cm. of water head only. 
Sensitive yet fairly simple manometers, such as the Chattock-Fry tilting U-tube, 
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have, however, been devised which are responsive to pressure differences of . 
about 0-0001 cm. of water. For descriptions of such instruments the reader is 
referred to Ower’s The: Measurement of Air Flow. 

If the Pitot-static tube is used in a fluctuating wind whose variations are too 
rapid to be followed by the manometer, the mean measured pressure difference 
(which is all that can then be determined) will be in excess of $pv", where v 1S 
the mean air speed. For let v’ be the instantaneous departure of the air speed 
from its mean value. The differential pressure at any instant is given by 


pHheletv)y nn eee (5) 

and its mean value p by oy 

a oe 2 
p = 3p(v? + v2) = 5pe" (1 te ze a eee (6) 

v 
since v’ =0. 
If v; is the indicated mean speed for a pressure difference p, then 

p = 2PY;"5 ae (7) 
so that the ratio of indicated mean speed to the true mean is, from (6) and (7), 
vjo=(1+o02e)h. 9 9 pee (8) 


If the fluctuations are approximately simple harmonic, so that we may write 


v'=vasinwt (a=relative amplitude of fluctuations of period 27/w), equa- 
tion (8) becomes 


Gjo=(Leat2i © | Stree (9) 
When a=0-2, v;is 1 per cent in excess of 0, whilst for a= 0-5, the error is 6 per cent 
uf v. 

The above treatment requires modification if the speed fluctuations are accom- 
panied by directional variations, as in turbulent flow. In the latter case turbulent 
components of velocity normal to the mean wind direction will produce impact 
pressures at the static holes. Theoretical work by Goldstein (1936) and experi- 
mental tests by Fage (1936 b) suggest that for isotropic turbulence the factor 
2/3 should appear before the term in v’ in (6) above. 


§9. PRESSURE - TUBE ANEMOMETERS FOR METEOROLOGICAL USE 


The total-head tube was applied early, though crudely, to meteorological ends. 
Dr. Lind, physician to the Court at Windsor, employed in 1775 a U-tube one 
limb of which was bent over and held “face to wind” by mounting this limb on 
a vertical spindle so that the U-tube formed a direction vane. Wollaston in a 
posthumous paper to the Royal Society in 1829 described a modification of Lind’s 
instrument in which the simple U-tube was converted into a 2-liquid differential 
manometer with a magnification of about 5 times. A more practical instrument 
was devised by Adie in 1836 and used for several years at the Royal Observatory 
in Edinburgh. This consisted of a bell-mouthed facing tube communicating 
with the interior of an inverted cylinder floating in water so that the cylinder rose 
from its zero position when a wind blew. 
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In 1892, a year which stands out in the history of experimental meteorology, 
W. H. Dines described the first form of the pressure-tube anemometer which 
has taken his name. The instrument is a development of Adie’s, but so great was 
the advance on the latter that in effect it was completely new. It is a self-recording 
instrument, the modern form of which is shown in figure 5, the head, and figure 6, 
the recorder. ‘The total-head tube is mounted on a wind vane so as to keep the 
opening face to wind. Instead of using static holes on the periphery of the total- 
head tube, as in the Pitot-static tube, a symmetrical array of holes (S, figure 5) 
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Figure 5. Head of Dines anemometer : 
from Meteorological Office, Observers’ Handbook, 1939 (H.M. Stationery Office). 


is drilled in the outer wall of a double-walled vertical tube, immediately below 

the air-tight bearing collar for the head. Air-flow past these holes gives rise in 
fact to a suction which is independent of wind-direction and augments the 
recorded pressure difference p by a factor k, so that 


p= +h)po, Pee (10) 


where k =0-49 for the pattern shown. io 
The suction holes serve a very important function in this instrument. It 
might have been supposed that for meteorological purposes static holes or their 


4 
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equivalent would be unnecessary and that an open limb of the manometer housed 
out of the wind would experience the appropriate static pressure. This is not the 
case; small but rapid variations in static pressure are by no means infrequent, 
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Figure 6. Dines pressure-tube recorder : 
from Meteorological Office, Observers’ Handbook, 1939 (H.M. Stationery Office). 


as evidenced by a microbarograph, and these variations may be experienced less 
fully and with lag in a “‘ closed” room relative to the air outside, Further, 
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opening and closing of doors, etc., causes appreciable temporary changes in 
static pressure inside a room. ‘The presence of the suction holes on the head 
of the instrument ensures that both sides of the manometer will be equally 
affected by pressure changes in the atmosphere. . 

The anemometer recorder consists on the wind-speed side of a metal float, 
cylindrical on the outside, but shaped to a quartic hyperboloid of revolution on 
the inside. 1-in. metal piping connects the total head and suction holes to the 
inside of the float and to the float chamber respectively, a maximum of 100 feet 
separation between head and recorder being possible. The special shape of the 
float results in the rise of the latter being directly proportional to wind-speed 
(more precisely proportional to the product vp*) and the scale of the instrument 
is 1:52 mm./m.p.h. for a standard air density of 0-00125 gm./cm? Recording 
is by means of a pen attached to a rod rising from the float through a nearly 
air-tight collar on the float chamber. 

The direction record is obtained by linking the head through a vertical spindle 
of metal tube to a double helix mounted on the float chamber and free to rotate 
in sympathy with the head. ‘Two pen arms are balanced so that one or other, 
or both, ride up and down inclined planes on the helix as the latter rotates. As 
the wind vane moves through the north point one pen goes out of action and 
the other comes into action. 

The Dines pressure-tube anemometer thus gives a continuous record of wind- 
speed and direction, showing the characteristic sequence of gusts and lulls and 
the continuous variation in direction of which the wind is normally composed 
except when the air is stably stratified. The one real difficulty in operating the 
instrument is to obtain good pen-marking when the wind is high and very gusty 
or the atmosphere very dry. Some typical records, with normal time scale and 
quick run, are shown in figure 7. A very full account of the pressure-tube anemo- 
meter with a discussion of some records has been given by Gold (1936). 

No single instrument can be designed to record every quality of the wind, 
and the pressure-tube anemometer is no exception. It is well to keep in mind 
the limitations of any instrument, and in the present case they are, briefly, as 
follows :— 

(i) The instrument is not suited to the measurement of very light winds, 
its indications lacking accuracy below about 3 to 5 m.p.h. At a 
speed of 1 m.p.h. the vertical force on the float is only 4 gm. weight, 
whilst at 100 m.p.h., the upper limit of speed allowed for on the 
standard chart, the corresponding force is 33 kg. weight. 

(ii) Accurate values of the mean wind-speed over a period are difficult to 
obtain from the record, especially when the gustiness is large. Great 
accuracy is, however, only seldom required—in the main for special 
investigations. 

(iii) The full amplitude of the more rapid gusts and lulls may not be recorded 
if the head is very distant from the recorder. With 100 ft. of 1-in, 
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pipe between head and recorder there is much reduction in recorded 
amplitude in winds less than 10 m.p-h. if the period of fluctuation 
is less than 10 sec. (but see (iv) below). At 60 m.p.h. a faithful 
record is obtained for fluctuations of period greater than 2 sec. 
(Giblett et al., 1932). 

(iv) Resonance effects may be shown on the speed and direction traces for 
certain periodicities in speed and direction variation. In each case 
the period for resonance, of the order of 1 sec., increases with de- 
crease in wind-speed. 


Graham (1936) has successfully employed a differential aneroid recorder to 
obtain a more complete record of the gusts and lulls than would be given by the 
float recorder. So little air motion is involved in the movements of the aneroid 
diaphragm that the damping action of the pressure leads is no longer in evidence. 
The aneroid recorder may be useful at sea, where the float recorder is, of course, 


useless. 


§10. VENTURI TUBE, PLATE ORIFICE AND SHAPED NOZZLE 


There is a further class of instrument deriving from Bernouilli’s equation which 
finds frequent application to the measurement of air flow through pipes. If the 
velocity of flow through a pipe is increased locally by a constriction in the pipe, 
the increase in the velocity must be associated with a pressure gradient down the 
pipe from the section where the velocity is low to where it is high. Bernouilli’s 
equation gives 

Py tdptt=Pe tapes) 2 eee (11) 
where the subscripts refer to the full bore and the constriction respectively and 
p is assumed constant. Further, the ratio v,/v, is equal to the ratio a,/a, of the 
cross-sectional areas at the constriction and at full bore, so that equation (11) 


gives 
_ (2hi-?P») _\ 
Vo (a fy | cw Ot, ge A ge eee (12) 

In fact the neglect of viscosity in this treatment gives a greater value of the pressure 
difference than is realized, which leads to the introduction of a discharge co- 
efficient «, less than unity, on the right-hand side of (12), whose value has to be 
determined experimentally for the particular design of constriction employed. 
Again, the neglect of compressibility is only justified if p,/p. is very near unity 
(P,/P2<1-02), but its effect can be taken into account at the cost of a more cumber- 
some expression than (12).* 

The merit of a constriction resides in the much greater pressure difference 


d 2__9) 2 
* The more general form of Bernouilli’s equation is 24| P const, giving 2 2 En 


Pldp Mic at 
les a and the variation in p, assumed to take place adiabatically, is allowed for by substitution 


from p/p¥=const, 


————— 
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which may be produced by this means than by the Pitot-static tube, so that a 
simple U-tube may be used in the measurement of quite small air speeds. The 
ratio of the pressure differences in the two cases is equal to a2(a,2/a,?— 1), which, 
for a constriction half the full diameter of the pipe and a discharge coefficient 
near unity, is equal to about 15. 

The velocity of air in a pipe varies from zero at the wall to a maximum on the 
pipe axis, the form of the variation at sections sufficiently far from the tube mouth 
or from bends depending on the Reynolds number of flow and the wall roughness 
(Goldstein, 1938). For this reason the total flow through a pipe can be obtained 
from Pitot-static tube readings only after an exploration has been made of the 
velocity profile across a tube section. The constriction method of measurement 
gives, however, the mean velocity across a tube section—that is its purpose— 
and it is in terms of the mean velocity that the discharge coefficient is determined. 

Various designs of constriction are employed. The earliest, due to Venturi 
at the end of the 18th century, consisted essentially of two truncated cones, 
narrow ends together. In the modern design of the Venturi tube the angle of 
convergence of the upstream cone is usually about 20°, though this figure is not of 


an 


Direction of Stream 


Figure 8. Venturi tube. 
From Ower, Measurement of Air Flow, 1933 (Chapman & Hall). 


great importance. ‘The angle of divergence of the downstream member must, 
however, be small, 6° being a suitable figure, if a net loss in pressure head is to be 
avoided. The ratio of throat diameter to full-bore diameter is usually between 
4 and 4, and a design, as shown in figure 8, conforming to the above figures, has a 
discharge coefficient between 0°95 and 0-98, the actual value increasing with the 
Reynolds number. ‘The pressure difference is taken between the upstream end 
of the convergent cone and the throat, from small static holes bored in the peri- 
phery of the tube at the two sections. 

In recent years two other designs of constriction, the plate orifice and shaped 
nozzle, have largely superseded the Venturi tube, being more compact, less 
expensive and less troublesome to insert into an existing pipe-line than the latter. 
They are shown in figures 9 and 10, which are mainly self-explanatory. ‘The 
plate orifice is the simpler, but has a discharge coefficient of about 0-60 only, 
the actual value of « as a function of Reynolds number for the pattern shown 
in figure 9 being obtainable from tables (see Ower, 1933). 7A further disadvantage 
is that a considerable fraction of the pressure drop at the constriction is not 
recoverable, so that greater power must be expended to maintain a given flow 
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Figure 9. German standard plate orifice, 1930. 
From Ower, Measurement of Air Flow, 1933 (Chapman & Hall). 
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Figure 10. German standard nozzle, 1930. 

From Ower, Measurement of Air Flow, 1933 (Chapman & Hall). 


The pressures are tapped off either through two single pressure holes as shown on upper portion 
of figures 9 and 10 or, as shown below, from two annular chambers in communication with 
the pipe pressure over the whole circumference. 
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after the insertion of an orifice plate. The shaped nozzle has a much higher 
discharge coefficient, 0-95 to 0-98, and for a given pressure drop shows a smaller 
resultant loss of head than the plate orifice. 

A marked advantage attaching to the use of the plate orifice or shaped nozzle 
is that for a standard design suitably placed in the pipe no special calibration is 
necessary. For full details of their characteristics the reader is referred to Ower’s 
valuable text-book. 


§11. PRESSURE -PLATE ANEMOMETERS 

In this class of instrument, the wind-pressure exerted on a plate, generally 
rectangular, is balanced against a restoring force induced by the deflection of the 
plate, the restoring force arising from gravity, spring compression or simple 
torsion. “The gravity-controlled type of instrument—the swinging plate or 
pendulum anemometer—is the first anemometer of which there is any record. 
A certain Egnatio Danti erected swinging plates for the measurement of natural 
winds at Bologna and Florence about 1570, whilst Hooke is associated with its 
inception in this country some time prior to 1667. It is not now in general use, 
but very light plates having a good response to fluctuating winds have been used 
by Schmidt (1929) and Scrase (1931) for investigations on atmospheric turbulence, 
cinematograph recording being employed. 

Osler (1836) devised, and later (1862) improved on, a spring-controlled 
recording pressure-plate held normal to the wind, which was in wide use in this 
country during last century. Of more interest to modern workers is a well- 
designed recording pressure-plate with a streamlined housing due to Sherlock 
and Stout (1931 and 1937). In this the plate movement is very small and is 
controlled so as to avoid errors due to inertia. Recording is by means of an 
oscillograph through which passes an out-of-balance current induced in a magnetic 
bridge by movement of the plate. A number of such instruments have been 
used in a spatial array to give a picture of the pattern of turbulent atmospheric 
flow in high winds. 

In all the above instruments except the last, uncertain inertial effects have made 
the interpretation of the records of wind rather uncertain. 

Of the torsion type, mention should be made of a very sensitive instrument 
due to Rees (1927), suitable for use in ducts, etc., for wind-speeds from 10 to 
180 ft./min. (5 to 100cm./sec.). It is a null instrument in which an asymmetrically 
mounted plate is maintained in a vertical plane by applying torsion to the mounting 
wire. In consequence it is suited to the measurement of steady winds only. 

The force exerted on a plate by the wind is not accurately proportional to the 
area of the plate nor is it independent of the aspect ratio. It is possible that the 
degree of turbulence of the approaching air stream also affects the force. On 
these accounts the characteristics of a pressure-plate system can only be deduced 
after a wide appeal to the literature of experimental aerodynamics, and calibration 


is desirable in any case. 
26-2, 
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§12. HOT-WIRE ANEMOMETERS 
The class of instrument which depends on the dissipation of heat from a 
body placed in an air stream, in particular the hot-wire anemometer, has acquired 
increasing importance in recent years, especially in investigations into the details 
of turbulent flow. The fundamental research on the dissipation of heat from 


cylindrical wires is due to King (1914), who provided a theoretical treatment © 


of the problem for cylinders of small diameter-to-length ratio, the results of which 
were confirmed by experiment. 

If a wire is held normal to an air stream of speed v and temperature To, and is 
electrically heated by a current to bring the wire to a resistance R and temperature 
T, King’s equation gives 

RP =(Kec4/0) (P15), 2 ee (13) 
where K is a constant determined by the radiative and convective heat loss from 
the wire in “ still ” air and ca second constant depending on the physical properties 
of the air * and the diameter of the wire. For anemometric purposes the hot 
wire is generally used in one of two ways, at constant resistance (constant tempera- 
tures excess for T, constant) or else at constant current. 

For the constant-resistance method, equation (13) may be written 


12 = 99" GN Us, | eee (14) 


where Z, is the value of 2 when the wire is in still airand a@isaconstant. From this 
relation it is seen that the current varies relatively rapidly with air speed for low 
values of the latter and slowly for the higher speeds. Indeed, the hot-wire 
anemometer can be made the most sensitive of all types for measurement of low 
wind-speeds. The method involves the use of a suitable resistance bridge and 
current-measuring device, and calibration of a particular wire involves simply 
the determination of z) and a. 

The constant-current method is simpler experimentally than the constant- 
resistance method. A sufficiently large resistance is included in the circuit 
to prevent the resistance variation of the hot wire itself being of any effect, and 
the potential drop across the wire is used as the index of air speed. The method 
is not, however, as accurate in general as the constant-resistance method. 

A hot-wire anemometer usually consists of platinum wire, occasionally electro- 
lytically pure nickel, stretched between tapered prongs mounted on a base 
suitable for fixing the anemometer as required. The length of the hot wire 
can be suited to the particular use to which the instrument is to be put, but if 
there is appreciable variation in air speed over the length of the wire, some error 
in mean speed over this distance may be incurred from a calibration made in a 
uniform flow. Lengths of wire varying from about 1 mm. to several cm. have 
been used. Again, the wire diameter chosen will depend on the particular appli- 
cation (see below), but will usually be between about 0-1 mm. and 0-002 mm., 


* ‘The constant c involves /p, so that a hot-wire anemometer gives a measure of the product pv. 
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the finer wire being prepared by the Wollaston process. Annealing for several 
hours at red heat is necessary. 

Liability to fracture and to change in calibration, particularly the latter, are 
the bugbears of hot-wire anemometry. The calibration inconstancy is greater 
the thinner the wire (greater ratio of surface to volume of wire) and the more 
elevated the temperature at which it is used. It is advisable to keep the latter 
below 500° c. ‘The reasons for the variation in heat transfer from the surface 
of the wire to the surrounding medium under apparently constant conditions 
are not yet fully understood. Accretion of dust on the wire is considered by some 
to be important, though the dust-free space effect round a hot body would seem 
to oppose this interpretation. Possibly surface gas-layer effects are of importance. 

Probably the greatest merit of the hot-wire instrument is its ability to respond 
to rapid changes in wind-speed when fine wire is used. This feature makes the 
instrument particularly suited to investigations of turbulent flow when used in 
conjunction with an appropriate recording device—oscillograph, string galvano- 
meter,etc. Dryden and Keuthe (1929) have shown that the ability of a wire 
to follow variations in air speed depends on a quantity M, the time constant 
of the wire, given by 
A*s(T — T,)* 


72 
Oot 


M=4-2d 
in which 
d= density of wire, 
A =cross-section of wire, 
s =specific heat of wire, 
oy = specific resistance of wire at temperature T). 
Thus, if the air speed is changed suddenly from a steady value at which the wire 
resistance is R, to a second steady value at which the corresponding resistance is 
R,, the temporal change in resistance R is given by 
Re Ro=( Rye pil ay hs) asteee (16) 
and the smaller the value of M the more rapid the response of the wire. From 
(15), for a given value of (T—7T)), M decreases with increase in wind-speed, 
since 7 is increased to maintain the temperature excess, and increases as the cross- 
section of the wire—not as A2, since 7 must be varied as 1/A foragiven (T— T>). 
Again, for a given wire, M is proportional to [1 + «(T — Ty)], where « is the tempera- 
ture coefficient of resistance of the wire, as can be shown by substituting in (15) 
for 72 from (13). Thus for rapid response it is advantageous to use as fine wire 
and as low a temperature excess as the sensitivity of the apparatus will allow. 

If the fluctuation in wind-speed be simple harmonic of period 27/w, and if 
the amplitude be small enough to allow of the resistance variation being assumed 
proportional to the speed variation, the recorded amplitude of speed fluctuation 
will be (1 + w?M?)-* of the true and will be retarded in phase by tantw/M. A 
platinum wire 0°0025 mm. (0-0001 in.) diameter may be used so as to respond 
with reasonable accuracy to fluctuations of about 100 per sec. This is probably 
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near the upper limit of the frequency of natural wind fluctuations, but is much 
less than the majority of frequencies present in wind-tunnel flow. Automatic 
compensation for the response at the higher frequencies may be obtained by 
the use of a suitable valve circuit (Dryden and Keuthe, 1929 ; Simmons, 1934) 
in which the amplification of applied voltage fluctuations increases with increase 
in frequency of the latter. 

Various methods have been used to compensate a hot-wire anemometer 
circuit against variations in air temperature (Davis, 1921), whilst the wide de- 
parture from linearity in response of the hot wire with variation in wind-speed 
may be overcome to a considerable extent by the inclusion of a volt-thermometer 
in the hot-wire circuit (Huguenard et al., 1923). 

The sensitivity of a hot wire falls off as the wire is rotated out of the normal 
position into a line parallel to the flow, the response in the latter position depending 
in part on the magnitude of the normal components of turbulent velocity. It 
would appear that the directional properties of the hot wire make it suited to the 
design of a recorder of the normal components of turbulent velocity as well as 
of the longitudinal component ; no entirely satisfactory apparatus of the kind is, 
however, known to the writer. 

To summarize, the hot-wire anemometer may be profitably used for the 
measurement of low wind-speeds, of wind-speed fluctuations, for which purpose 
it is pre-eminent, and at points near a boundary surface where other instruments 
would be unsuitably large. Otherwise its fragility and inconstancy of calibration 
make it an instrument to be avoided. 


§13. KATA THERMOMETER 


The cooling action of a wind on a thermometer raised above air temperature 
was first used and described by Leslie (1804). Little application of the method 
was made until L. Hill (1912 and 1922) devised the so-called kata-thermometer 
for measuring ventilation. ‘The instrument consists simply of a thermometer 
having a large cylindrical bulb (length 4 cm., diameter 2 cm.) and a thick-walled 
capillary tube on which the levels corresponding to 38° c. and 35° c. are clearly 
marked. ‘The thermometer is initially warmed to about 50° c., set up in the 
position in which the air speed is required to be known, and the time ¢ taken for 
the mercury to fall from the upper to the lower marked temperature. The air 
speed v may then be found from the equation (a nomogram will normally be used) 


ay (aesst5=a) ett: (17) 


where F' is the heat loss from the thermometer in cooling from 38° c. to 35° c., 
T, the air temperature and A and B constants to be determined experimentally. 
The instrument is suited to the measurement of low wind-speeds, below about 


1 m./sec. Its limitation is obvious—it gives only the mean speed for the period 
in which the given temperature drop occurs. 
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§14. THE MEASUREMENT OF WIND DIRECTION 

The preceding sections have been mainly concerned with the measurement 
of air speed, occasional reference only having been made to the determination of 
direction. ‘The need for instrumental measurement of the latter arises first in 
meteorology, second in the determination of local deviations from a general 
direction of flow brought about by a solid body placed in an air stream, and also 
in investigations of the variations in direction associated with turbulent flow. 

The need for an instrument which should indicate the horizontal direction 
of the wind must early have been felt by the mariner, and so it isno surprise to 
find that the wind vane is of great antiquity. Ornate vanes were used and special 
buildings were erected in the Greek and Roman world to show the wind direction, 
the most memorabie of the buildings being the ‘Tower of the Winds at Athens 
with its eight faces directed to Boreas, Zephyr and their kind. The registering 
wind vane appears to have been introduced in the seventeenth century by Wren, 
who linked a recording clockwork mechanism to the weather cock, the Christian 
symbol of medieval times which had largely replaced the triton of classic days. 
In more recent times the wind vane for scientific usage has been a flat plate, 
splayed plate, or today, a symmetric aerofoil (see figure 5) or pair of asymmetric 
aerofoils with similarly cambered sides facing. 

A recording vane should be designed so that the restoring force on the vane 
when it is out of wind is a maximum, the inertia of the vane and recording mechan- 
ism should be a minimum consistent with strength and durability and it should 
be well damped yet responsive. Resonance of the vane for the direction perio- 
dicities involved isto be avoided. Im fact, the natural period of a vane decreases 
with increase in wind-speed, so that the vane response varies with the latter. 
The natural damping of most vanes is effectively independent of wind-speed. 
Giblett and others (1932) have treated the characteristics of the symmetric aerofoil 
vane and recorder used in the modern Dines anemograph, whilst Grunow (1935) 
has designed a compound asymmetric aerofoil vane which has excellent qualities. 
A wind vane should be well balanced, for lack of balance in a vane mounted on a 
spindle which is not truly vertical will lead to incorrect indications in a light wind. 

The measurement of a local steady wind direction in the region of a body 
placed in an air stream may be roughly determined by the use of wool tufts, smoke, 
etc. For accurate measurements an instrument due to Lavender (1923) makes 


application of the fact that the rate of variation of head on a total-head tube with 


angle of yaw is a maximum at about 45°. Two total-head tubes are mounted 


with their axes at right angles in a horizontal plane, the tube mouths being towards 
but short of the intersection of the axes.’ The assembly is rotated about a vertical 
axis until there is no difference of pressure at the tube mouths and the setting 
of the horizontal axis of symmetry gives the horizontal direction of the wind. 
A second similar pair of tubes in the vertical plane is used to obtain the inclination 
of the wind to the horizontal. Accuracy of direction to 0°-1 may be obtained by 


this means. 
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The hot-wire direction meter of Simmons and Bailey (1926) is also a null 
instrument in which the heat loss from two identical wires set at an angle of LOF 
to each other is equal when the bisector of the angle between them lies in the 
wind direction. Equality of heat loss is indicated when the bridge in which the 
wires form opposite arms is in balance. 


§15. WIND DIRECTION AND WIND STRUCTURE 

The instantaneous wind direction at a point in a field of turbulent flow whose 
mean speed is u% is related to the turbulent components of velocity as follows. 
Take rectangular co-ordinate axes with the x-axis in the direction of mean flow. 
Let the instantaneous wind vector V, represented by the line OP in figure 11, 
have components u(=u+u’'), v', w’ in the x, y, g co-ordinate directions. The 
direction of V relative to the mean direction is specified by the azimuth @ and 
inclination ¢ (figure 11). Then 

u'=V cos 0 cos ¢, ) 


c=V sin 0 cos¢, “> ee eee (18) 
w= V sin , J 

or 
v =u tan §, (19) 


w =wsee0 tan; f=) el ee 


Thus the simultaneous measurement of V, 6 and ¢ determines u, v’, w’ and from 
a series of observations u and uv’ may also be deduced. Alternatively u, @ and ¢} 
may be measured and wu’, v’, w’ deduced. 

z 


uo —————« u'> 
$= 10 
Figure 11. 


Difficulty is experienced when attempts are made to measure simultaneously 
all the relevant quantities at a single point or small domain, and neither for the 
wind tunnel, pipe, etc., nor for the atmosphere has adequate apparatus yet been 
developed. Some progress has, however, been made. Thus the ultramicroscope 
in the hands of Fage (see § 3) has been successfully applied to the measurement 
of the maximum numerical values of u’, v’, w’ for water-flow through a tube. 
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Universal vanes have been developed by Taylor (1927), Becker (1930), Scrase 
(1931), and Best (1934) for recording the variation in wind direction (azimuth and 
elevation) in the atmosphere. In order to interpret their records, Scrase and 
Best made simultaneous measurements of mean wind-speed at a nearby point, 
using equations (19) in an approximate form (u for w) to give values of v’ and w’. 
The error involved in this procedure may be appreciable since u’ may be a con- 
siderable fraction of z in the lower atmosphere. Further, there is frequently 
a correlation between the turbulent velocity components, so that, for example, 
positive values of u’ (horizontal component in direction of mean wind) are normally 
associated with negative values of w’ (vertical component), and this correlation 
will lead to error in deriving arithmetic mean values from equation (19) when 
a replaces u. 

Kampé de Férieth has made an interesting application of pressure-tube 
principles for the evaluation of the time variation in total velocity and direction 
of flow in the atmosphere. The instrument has been described by Walker 
(1937 and 1938) and consists of a sphere, 8 cm. in diameter, with a Venturi tube 
running horizontally through the middle of it and small static holes distributed 
uniformly over its surface. The sphere is set up with the Venturi axis aligned 
with the mean wind. The latter cannot, in fact, be known accurately beforehand, 
but this is of no consequence for the particular design of instrument. ‘Three 
pressure differences are recorded from suitable combinations of holes as follows :— 

(i) The pressure difference p, between the throat of the Venturi and the 
mean pressure at the surface holes, from which 


Die oT Ge eee wet lem (22) 
where q is the velocity head, $ou?. Thus u is determined (figure 11). 


(ii) The pressure difference p, between two surface holes symmetrical in 
relation to the Venturi tube in the horizontal plane, from which 
005908 a Ah al eee (23) 
where @ is the wind azimuth (figure 11). 
(iii) A pressure difference, ps3, similar to py, from surface holes in the vertical 
plane, from which 
(d= Ua Uf ae ae aa eal lana OR Mae 2 (24) 
where ¢ is the inclination of the wind (figure 11). 

No error greater than 3 per cent. in either 0 or ¢ is involved if the wind direction 
does not deviate by more than 45° from the Venturi axis. ‘The pressure recorder, 
involving a diaphragm manometer, gives resolution of fluctuations down to 0:5 
sec. periodicity. 

Such an apparatus is too large for wind-tunnel investigations; in the wind 
tunnel the scale of turbulence is too small for any practicable size of sphere, and 
the frequency of the fluctuations too high to be recorded by a diaphragm mano- 
meter. 
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For many purposes it is not necessary to know the value of the turbulent 
components at every instant of time. More frequently the root-mean-square 
value of each component is required or the mean values of their products, e.g. 
uw’, uv’. To obtain these quantities from a time record of the fluctuations is 
very laborious, and electrical methods have been adopted to measure some 
of them directly. The hot-wire anemometer is specially suited to this type of 
measurement. A hot-wire circuit and associated amplifier may, for example, 
be made to give an output proportional to u’,and this may be passed through an 
A.C. milliammeter to give the root-mean-square value of the fluctuation, or again, 
outputs from two circuits may be passed through an electrodynamometer to give 
the mean value of a product of two fluctuating entities (Simmons, 1938). It is 
probably along these lines that a more complete knowledge of the various 
quantities characterizing turbulent flow will be obtained. ; 


§16. ANEMOMETER CALIBRATION ; 

Reference has frequently been made in the preceding sections to anemometer 
calibration. Here some general observations on the matter will be added. 

It cannot be too much stressed that the accurate determination of wind-speed 
depends in every case, except when the time-displacement method is used, on 
an appropriate calibration of the instrument concerned. This is because the 
theory of turbulent motion is at present relatively undeveloped in spite of 
much research and some significant advance in recent years. ‘Thus the results. 
of theoretical treatment can at present be applied only as a lead in instrument 
design; for complete knowledge of an instrument’s performance, experimental 
calibration remains necessary. In some few cases standardized patterns of 
instrument have been adopted and thorough calibrations made. In such cases, 
e.g. the Pitot-static tube, Dines pressure-tube anemometer, plate orifice, etc., 
calibration of individual instruments is not necessary. Some caution must be 
exercised, however, even in these cases. The conditions of calibration may not 
have been the same as those in which an instrument is to be used (see below). 
Failure to appreciate such differences has undoubtedly led to error in many cases, 
and when the differences have been appreciated, lack of a suitable experimental 
technique for the conditions of use has often hindered adequate calibration. 

‘T'wo methods of anemometer calibration are effectively available : 


(i) by moving the instrument at controlled speed through still air ; 
(iu) by fixing the instrument in an air stream whose speed is con- 
trollable and known. 

The second method derives from the first since the speed of the air stream 
has to be deduced from an instrument calibrated according to the first method— 
the absolute time-displacement method of measuring air flow is not normally 
practicable or susceptible of great accuracy. 

_ In the first method, linear translation of the instrument is not usually possible, 
and a rotating (whirling) arm is used instead. The arm sets up a swirl of air 
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in its path for which allowance may be made with sufficient accuracy. Un- 
fortunately for the application of the calibration thus obtained, the response 
of an instrument at given speed on the whirling arm is not necessarily the same 
as for air moving past a fixed instrument with the same relative speed. In the 
latter case the air flow may be, and frequently is, turbulent, and this may affect the 
indications of an instrument in a number of ways. The effect of turbulence 
on the Pitot-static tube has been considered already (§ 8). This is the most 
important case, since in practice the second of the above methods of calibration 
is usually employed, the air speed being determined by means of a Pitot-static 
tube originally calibrated on the whirling arm. 

The second method makes use of a wind tunnel of diameter at the working 
section sufficient to prevent disturbance to the flow from the presence of the 
instrument to be calibrated. It is to be noted that a wind tunnel is designed 
to give a wide core of air in which the motion is uniform—the velocity gradient is 
confined to a region very near the walls. The Pitot-static tube may be used 
alongside the anemometer for test, or the air speed may be deduced from the 
static pressure at the working section, a previous calibration having been made 
of the pressure at a static hole in the wall of the tunnel in terms of the corresponding 
Pitot-static tube pressure. 

The degree of turbulence in the air flow in tunnels varies a good deal, but in a 
well-designed tunnel will be sufficiently small to make its effect on the Pitot- 
static tube of no practical importance. ‘Thus the instrumental calibration 
will be valid for use in an air stream of the same turbulence as that of the tunnel. 
Very often, however, instruments will be used in air streams whose character- 
istics are markedly different from those of the calibration tunnel. ‘This change 
may effect appreciably the motion of a cup anemometer (see, for example, Spil- 
haus, 1934). Large-scale turbulence which characterizes the atmosphere gives 
rise to different effects which for convenience may be referred to as the effects of a 
gusty wind. Unfortunately it is very difficult to produce a wind of controlled 
gustiness, so that for knowledge of its effects reliance must to a large extent 
be placed on theory. For almost all instruments of practical importance, the 
indicated mean speed of a gusty wind is in excess of the true mean value. 


§17. ANEMOMETER EXPOSURE 

If a body is placed in an air stream, the general flow will be disturbed, in many 
cases relatively little upwind and to the side of the body, but appreciably downwind. 
Thus, when using an anemometer for obtaining the free flow over a surface, care 
must be taken in positioning it and the observer who is operating the instrument. 
If obstacles are present whose detailed effects are not required to be known, the 
anemometer should be placed well upstream or even further downstream of them 
to avoid their wakes. The observer will refrain from standing any nearer to the 
instrument than necessary, certainly not upwind of it, and preferably as far down- 


wind or to the side as possible. 
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Reference has been made in § 2 to the variation of wind with distance from 
a boundary. Not only is the variation with distance less at increasing distance, 
but the effects of surface obstacles upwind of the anemometer location will 
generally be less at the greater distance from the boundary. It is well, therefore, 
to expose the anemometer as far from the surface as possible in order to obtain 
a reading representative of its distance. 


§18. SUMMARY OF INSTRUMENTS SUITED TO DIFFERENT 
KINDS OF AIR- FLOW MEASUREMENT 


It may be of use to conclude this article with a list of those instruments most 


suited to different kinds of air-flow measurement. 
personal, and no claim is made for its being exhaustive. 


The choice is to some extent 
It is based on an ex- 


perience of every instrument listed. Where the word “ speed’? is used, a temporal 
mean value is to be understood unless otherwise stated. 


Nature of measurement 
Pipe flow ‘ 
Local speed, velocity profile. 


Mean speed over pipe section. 


Wind tunnel 


Speed of undisturbed flow in uniform 
“ core ”’ 


Speed in neighbourhood of solid body 
placed in flow. 


Speed fluctuations. | Many special inves- 
tigations will need apparatus specially 
adapted. 


Ducts, etc. 
Local speed. 


Atmosphere 


Record in time of instantaneous speed and 
direction. 


Speed over limited times. Velocity pro- 
file near ground. 


Speed fluctuations of short period. 


Ventilation in factories, etc. 


Favoured instruments 


Pitot-static tube of appropriate dimen- 
sions. 

Hot-wire anemometer. 

Plate orifice or shaped nozzle. 

Side static hole (calibrated against Pitot- 
static tube traverse) where sufficient 
head available. 


Pitot-static tube. 

Side static hole (frequently calibrated 
against Pitot-static tube) where suffi- 
cient head available. 

Vane air-meter or small cup anemometer 
may be useful for low speeds. 

Small Pitot-static tube or hot-wire anemo- 
meter. 


Hot wire anemometer (special circuit). 


Vane air meter. 


Dines pressure-tube anemograph. 


Vane air meter for low or moderate wind- 
speed. Portable cup anemometer for 
all speeds normally encountered. 

Recording hot-wire anemometer. 


Kata thermometer. 
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ABSTRACT. Half of the central fringe of Lloyd’s single-mirror system can be seen 
directly if the fringes are observed in a plane passing through the edge of the mirrors, 
and if the mirror is of ordinary, not black, glass and has a cleanly cut edge which is illumin- 
ated by light shining on to the opposite edge. 

The use of mica to displace the fringe system is not valid, since the central fringe 
will be displaced more for blue light than for red. This dispersion of the central fringes 
for the different colours may produce a displaced white-light system approximately 
symmetrical about a black fringe, but this black fringe will not be produced by the 
coincidence of the displaced central fringes. It is equally possible to find a thickness 
of mica which gives a displaced system symmetrical about a white fringe. 

The phase change on reflection at a less dense medium at grazing incidence is shown 
to be in the region of 7, since a system with a black central fringe is formed when the 
mirror is immersed in carbon bisulphide. 


§1. INTRODUCTION 
LOYD’s method of producing interference fringes by the use of a 
[so mirror is of interest for two reasons: firstly, because it is the 
simplest method of obtaining interference fringes, requiring no accurately 
made apparatus and little skill in adjustment; secondly, because it affords a 
striking demonstration that there is a phase change of 7 when light travelling in 
air is reflected at the surface of a denser medium. 

The object of this paper is to clear up some discrepancies which I have found 
between Lloyd’s account, the accounts of the experiment given in text-books, 
and my own observations. I am mainly concerned with the two following 
Ppoimts:— 

(a) The fact of the phase change on reflection can be established by direct 
observation of half of the central fringe, which can be seen to be black. 

(b) The displacement of the fringe system by means of a mica plate is value- 
less, since observation of the displaced system can yield no evidence of the nature 
of the central fringe of the undisplaced system. 

I have also investigated the nature of the interference system produced by 
reflection from an optically less dense medium. 
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Lloyd’s account 


The following is part of Lloyd’s own account, taken from a paper which 
was read to the Royal Irish Academy on January 27th, 1834, and published 
in the Transactions of that body, vol. 17. 

After a theoretical discussion Lloyd says :— 


“In order to submit these results to the test of trial, I employed the apparatus 
consisting of two movable plates, which is of so much use in experiments of interference. 
The plates being closed, so as to form a narrow horizontal aperture, the flame of a lamp 
was placed behind ; and the light thus diverging from the aperture was received, at 
the distance of about three feet, on a piece of black glass truly polished, and also hori- 
zontal. The reflector was then adjusted, so that its plane might pass a little below the 
aperture ; or, in other words, that the light might be incident on it at an angle of nearly 
90°. It is evident that the light thus obliquely reflected will meet the direct light di- 
verging from the aperture under a very small angle, and with a difference in the lengths 
of their paths which is capable of indefinite diminution. The two lights are therefore 
in a condition to interfere: and I found, accordingly, that when they were received 
upon an eyepiece, placed at a short distance from the reflector, a very beautiful system 
of bands was visible, in every respect similar to one-half of the system formed by the 
two mirrors in Fresnel’s experiment. 

“The first band was a bright one and colourless. This was succeeded by a very 
sharply defined black band ; then followed by a coloured band and so on alternately. 
Under favourable circumstances I could easily count seven alternations: the breadth 
of the bands being, as far as the eye could judge, the same throughout the series, and 
increasing with the obliquity of the reflected beam. ‘The first dark band was of intense 
blackness ; but the darkness of the succeeding bands was less intense, as they were of 
higher orders ; and after three or four orders they were completely obliterated by the 
closing in of the bright bands. At the same time the coloration of the bright bands 
increased with the order of the band ; until, after six or seven alternations, the colours 
of the different orders became superimposed, and the bands were thus lost in a diffused 
light of nearly uniform intensity. All these circumstances are similar to those observed 
in Fresnel’s experiment and correspond exactly with the results of theory. 

“These bands are most perfectly defined when the eyepiece is close to the reflector. 
Their breadth and coloration increased with the distance of the eyepiece, but remained 
of a finite and very sensible magnitude when the latter was brought into actual contact 
with the edge, a circumstance which distinguishes them altogether from the diffracted 
fringes formed on the boundary of the shadow.” 


He then discusses the problem of the phase change on reflection, and con- 
tinues :-— 


“The present case of interference seems to support this view” (i.e. that the phase 
change occurs on reflection at the denser medium). ‘“‘ It follows from theory that if the 
light undergoes no change of phase by reflection, the distances of the successive dark 
fringes from the edge of the shadow will be as the odd numbers 1, 3, 5, etc. ; so that the 
distance of the first dark band from the edge will be half the interval between each 
succeeding pair of dark bands. But it appears, on the contrary, that the distance is 
as far as the eye can judge, exactly equal to the succeeding intervals ; or that the bands 
are all shifted from the edge by the amount of half an interval ”’ 


Figure 1 (to which reference will be made later) is copied, with one or two 
minor changes, from this paper. 
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Text-book accounts 
The following account, typical of that in various text-books, is taken from 


Light for Students, by E. Edser :— 


“ Dr. Lloyd obtained fringes by causing light from a narrow slit to be split up into 
two pencils, one direct, and the other reflected from a polished black glass surface. 
In this case the wave sources are the illuminated slit itself (A, figure 2), and the virtual 
image, B, of the slit obtained by reflection at the glass surface. As will be seen from the 
diagram, the point M will not be illuminated by reflected light, and the central fringe 
consequently is not formed ; it can, however, be brought into view by placing a thin 
film of mica or glass in the path of the directly transmitted pencil. Owing to the retarda- 
tion of the waves which traverse the film, the position of the central fringe is displaced 
towards P. If the film is of suitable thickness, the position of the central fringe will 
be situated on that part of the screen illuminated by the reflected waves. 

“ Dr. Lloyd observed that the central fringe is black, instead of being white as in 
most other cases. On either side of the central black band is a white fringe, the rest 
of the fringes being coloured. This indicates that, when light is reflected from an optically 
denser medium, the phase of the reflected waves differs by = from that of the incident waves. 


The direct observation of the central fringe 

The most important difference between the two accounts is seen by com- 
paring the two diagrams. Lloyd considered the fringe system formed in a plane 
passing through the edge of the mirror, whereas the text-books consider a plane 
of observation at some distance from the mirror. In the second case it is im- 
possible to see the central portions of the fringe system directly, but in the first 
case it should theoretically be possible to see the whole of the central portion 
up to the point where the path difference between the direct and reflected rays 
approaches zero. 


Figure 1. 


Actual observation at once shows Lloyd’s to be the more practical arrange- 
ment, it being, in the words of Wood’s Physical Optics ‘‘. . . almost impossible 
to miss finding the fringes at the first attempt’. With the apparatus arranged 
as in the text-book diagram, the central fringes are cut out, and these, especially 
in the case of white light, are the most sharply defined fringes. With Lloyd’s 
arrangement the fringes will be seen even if no great care has been taken to make 
the slit parallel to the plane of the mirror. This adjustment can be made by 
observing the slit and its image and moving either the slit or the mirror until the 
two sources appear parallel. When this observation is impossible, e.g. when 
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a camera is fixed in position behind the mirror, the adjustment is easily made if 
a piece of white card is placed with one edge in contact with the face of the mirror ; 
an image of the slit is then thrown on to this card by a convex lens and the slit 
is adjusted until the image appears parallel to the edge of the card. 

Now if we observe the fringe system in a plane passing through the edge 


of the mirror, what shall we expect to see? Lloyd says ‘‘...a very beautiful 
system of bands was visible, in every respect similar to one-half of the system 
formed by the two mirrors in Fresnel’s experiment”, except that “... the 


bands are all shifted from the edge by the amount of half an interval”. This 
statement is incorrect. The fringe system produced by Fresnel’s mirrors with 
a slit illuminated by white light is symmetrical about a white central fringe. 


Figure 2. 


Only the central point is truly achromatic, the dark fringes on either side showing 
somecolour. ‘Thissystem may be thought of as being formed by the superposition 
of a large number of monochromatic fringe systems, each having a bright fringe 
at the same central point (the point of no path difference between the interfering 
rays). Lloyd’s system is formed in a similar way, except that a phase change of 7 
is introduced into one of the rays. ‘This means that at the point of no path-differ- 
ence each monochromatic fringe system will have a dark fringe, and the white- 
light system will be symmetrical about a dark central fringe, with a slightly 
coloured bright fringe on either side (only half of this system being visible). 
The same result is obtained by supposing the central fringe of each monochromatic 
system (and with it every other fringe in the system) to be shifted by half a fringe- 
width from the position in Fresnel’s system, but this is mot the same as supposing 
the whole of Fresnel’s white-light system to be shifted through half a fringe-width. 
Lloyd’s and Fresnel’s white-light systems are, in fact, exactly complementary. 
The mistake seems to have survived in a number of text-books; e. g. Wood 
states that ‘“‘ Dr. Lloyd found that the centre of the system did not lie on the 
plane of the surface, as might be expected, but was displaced by the width of 
half a fringe”’. Such a statement is misleading, and can only be said to be true 
if it is explicitly stated to apply to a monochromatic fringe system. 

Thus, if we observe in a plane through the edge of the mirror we may expect 
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to see one-half of a fringe system which has at its central point, which is the only 
truly achromatic point when white light is used, a dark fringe. Itis the existence 
of this central dark fringe which shows that there is a phase change of 7 on 
reflection at the glass surface. 

Since we can only see one-half of the system we can only hope to see one-half 
of this central fringe. The text-books seem to dismiss even this possibility, 
and to rely on moving the whole system by means of a mica plate. But with 
Lloyd’s arrangement it should be possible, if the apparatus conforms sufficiently 
well to the theoretical conditions. The most critical condition is that the plane 
of observation shall be focused exactly on the mirror edge, for any imperfection 
in this focusing will produce blurring in exactly that part of the field of view 
that we wish to examine. For the focusing to be exact it is necessary that the 
mirror edge shall be very accurately cut. I have found that such an edge can be ' 
obtained from ordinary picture glass (*/1:-inch thick). When such glass is cut 
by scratching along one side with a diamond and breaking off, one edge is ruined 
by the diamond, but the edge on the opposite side of the break appears to be almost 
perfect, 1. e. very few imperfections are visible under the magnifications used to 
view the fringes. Although such glass has not an optically worked surface, 
it is sufficiently plane to produce clearly defined fringes; irregularities may be 
apparent in the fringe system, but a reasonably good result can be obtained by 
trying a number of pieces of glass. Any piece of glass which has had its surface 
worked after cutting will not have a perfect edge. There seems to be no ad- 
vantage in using black glass, as any secondary reflections are of negligible intensity. 

When the fringe system is observed, the half of the dark central fringe may 
not at once be apparent, for it may not be possible to distinguish this half-fringe 
from the edge of the mirror itself upon which it lies. Since the half-fringe is 
dark, the edge of the mirror must be illuminated in some way to provide a con- 
trast. ‘This is best done by throwing a beam of light on to the edge of the mirror 
which is pointing towards the slit. This light is totally reflected a number of 
times within the glass and emerges at the edge which is being observed. The 
arrangement is shown in figure 3. The light must be projected from behind 
the mirror, otherwise some of it will be reflected from the front surface and will 
illuminate the part of the field of view to be occupied by the fringe system. For 
a similar reason, a screen, X, must prevent light from entering the back of the 
mirror. If the incident beam makes a small angle with the plane of the mirror, 
then the edge under observation will appear uniformly illuminated. The 
intensity of the illumination can be adjusted by a slight rotation of the mirror M,. 
When the mirror edge is suitably illuminated, the half of the dark central fringe 
- can be clearly seen. Evidently Lloyd missed seeing this because he used black 
glass for the mirror, and because the magnifications he used were, presumably, 
comparatively small. Thus he emphasizes that ‘‘ the first dark fringe was of 
intense blackness’, but under a high magnification the coloration of this band is 
quite clear. 
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The half of the central dark fringe is shown in photographs 1, 2 and 3. 

Photograph 1 was taken with white light illuminating the slit. The contrast — 
of light and dark in this fringe system is rather greater in the photograph than 
when it was observed by eye. This is because the plates used (Agfa Isopan, 
Agfa Isochrome and Ilford H.P.2) were more sensitive to the red end of the 
spectrum. 

Photograph 2 was taken with yellow light (from a spectroscope) and with the 
slit closer to the plane of the mirror than in photograph 1. 

Photograph 3 was taken with green light and with the slit further from the 
plane of the mirror than in photographs 1 and 2. 

The half-fringe appears comparatively wider in pimer ann 1 than in photo- 
graphs 2 and 3 ; this is because the central dark fringe in the white-light system 
is broader than the ‘“‘ dark ”’ fringes on either side, which are actually coloured 
at the edges. In photograph 3 the dark fringes are wider compared with the 
bright fringes owing to a shorter exposure time. 

When the half-fringe is seen tor the first time it is natural to cast doubts on 
its genuineness. Is it a true interference fringe? Might it not be a shadow, 
especially when the slit is very close to the plane of the mirror and the fringes 
are very wide? If the edge of the mirror is cleanly cut, then a shadow is seen 
only when the slit is behind the plane of the mirror and interference fringes are 
replaced by the diffraction fringes from the far edge. If the mirror edge is 
damaged then the dark line appears wider than half a fringe at some places, the 
added width being shadow and not interference fringe. In all other cases a half- 
fringe appears in the position required by theory. It is the agreement of observa- 
tion with theory over a wide range of fringe-widths and with a number of different 
pieces of glass that gives the conclusive proof of the nature of the dark line. 


§2. THE DISPLACEMENT OF THE FRINGE SYSTEM BY A MICA PLATE 

According to the text-books it is possible to displace the central portion of the 
fringe system outwards from the mirror by causing the direct rays to pass through 
a plate of mica. To test this I used the arrangement shown in figure 3. 
The mica plate was about 2 cm. x} cm. and of a suitable thickness (about a 
thousandth of a centimetre) obtained by splitting. The gap between the edge 
of the plate and the face of the mirror was about 1 mm. and could be accurately 
controlled by a screw. 

The field of view, with white light illuminating the slit, was as shown in the 
upper section of photograph 4. 

It will be noticed that both displaced and undisplaced fringe systems can be 
seen; this is possible because the gap between the mica plate and the mirror 
allows light, both direct and reflected, to fall on a small region of the field of view 
near to the mirror edge. ‘The half-fringe appears wider than it should in photo- 
graphs 4 and 5. ‘This is because an optically worked plate was used, the edge of 
which had been slightly worn away by polishing. 
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2 
Yellow 
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Green 
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White 0:0013 cm 
Red 6200 a 
Yellow 5700 A 
Green 5200 a 
Blue 4500 4 
Violet 4200 IN 
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White 0:0010 cm. 


Magnificaticns :—Photographs 1, 2, 3, 5, x 70. 
Photograph 4, x 85. 
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A casual glance might seem to show that the displaced system is as predicted, 
1.e. with a central black fringe; but careful study revealed two facts :— 

(a) The central “‘ black” fringe was not perfectly colourless, having a very 
faint red tinge on the side nearest to the mirror, and a definite green coloration 
on the further side. 

(6) The fringe system was not perfectly symmetrical about this central 
fringe, the fringes on the side away from the mirror being distinctly more coloured 
than the corresponding fringes on the side nearer to the mirror. (All the fringes 
except the central one were coloured red on the side towards the central fringe 
and green on the opposite side.) 


Figure 3 


Lens focusing light on to the edge of M,. 
. Lloyd’s mirror. 
. Mirror controlling the intensity of the illumination of M,. 
Mica plate. 
Camera lens. A 3-inch microscopic objective. 
Slit. 
Screen to prevent light from entering the back of Mj. 


MOB seh 


It did not require any critical adjustment of the apparatus to bring the dis- 
placed system into view. The displacement of the central fringe from the 
mirror edge appeared to be a constant number of fringe-widths. ‘Thus, as the 
fringe-width was increased, by changing the inclination of the mirror, the dis- 
placement of the system was also increased, and vice versa. The limits of fringe- 
width within which the displaced system could be seen could be increased up to 
a certain point by increasing the gap between the mica plate and the mirror. 
Thus it was possible to observe the displaced system in a number of different 
positions. I observed that the divergencies from prediction were present in all 
such positions. From this I concluded that these divergencies were of a funda- 
mental nature, and were not due to casual inaccuracies in the apparatus (for in 
the different positions the reflected rays would meet different parts of the mirror 
surface, and the direct rays would pass through different parts of the mica plate). 

The solution to the problem of this divergence from prediction lies in the 
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consideration of the dispersive power of the mica, which many of the text-books 
seem to have ignored. 

Let the thickness of the mica plate be ¢ and let its refractive index, for a certain 
wave-length A, be p. 

Then the path difference produced by the introduction of the mica plate is 
t(w—1). 

If interference is obtained from sources distant d apart and the fringes are 
observed in a plane distant / from the sources, then the path difference at a point 
in this plane at a distance x from the centre of the system is «d/l. 

Thus when the mica is introduced, the point of zero path-difference is displaced 
x outwards from the mirror edge, where 

xd/l=t(—1). 
Thus _ «x=Tlt(u.—1)/d. 

Evidently this displacement depends upon A, since » varies with A. Thus 
the central black fringes of the fringe systems due to the various wave-lengths 
will not all be displaced to the same point, i.e. there will not be a displaced system 
which is perfectly symmetrical about a black fringe. 

It may be, however, that the effect of the dispersion on the displaced system 
is negligible. Thus it is necessary to examine the displacement of the fringes 
in rather more detail. 

As no figures for the dispersive power of mica are available, let us assume 


that the variation of « with A for mica is of the same nature as that for crown. 


glass.* We can draw (from details in Kaye and Laby’s Tables) a graph of u—1 
against A for crown glass. 
From this graph we can construct the following table, showing the relative 


displacements of the central dark fringes of the systems due to the various wave- 
lengths :— 


Fringe- : Actual Relative 

width ( aS Colour w—l1 Disp eee displacement displacersent 
(in.) (in.) (in.) 
1-0 6600 Red 0:5143 1-000 12-00 0:00 
0-9 5940 Yellow 0:5167 1-004 12-05 0-05 
0:8 5280 Green 0:5200 1-011 IPRS} 0-13 
OF 4620 Blue 0:5253 1-021 12:25 0:25 
0:6 3960 Violet O-552 1-036 12-43 0-43 


Five wave-lengths are chosen, so that the fringe-widths in the resulting inter- 
ference systems may be represented in a diagram by the numbers in the first 
column. ‘The corresponding values of .—1 are read off from the graph. We 
now calculate for each wave-length a ‘‘ displacement factor’? showing how much 
the central fringe is displaced compared with the displacement for A= 6600 a. 
Since displacements are proportional to 4~—1, the factor for A=5940 a. is 

* It has since been pointed out to me that some figures for the refractive index of mica in the 


red half of the spectrum are given in Landolt-Bornstein’s tables. These figures yield values of the 


ie displacement factor "9 almost identical with those calculated for crown glass, though the actual 
refractive indices are different. 
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a = 1:004. Now suppose that the mica displaces the central fringe of the 
6600 a. system through 12 fringe-widths (corresponding approximately to the 
piece of mica used in the experiment), the actual displacement in our diagram will 
be 12 in. The actual displacement for the central fringe of the 5940 a. system 
will be 1-004 x 12 in. =12:05 in., i.e. 0-05 in. further from the mirror edge than 
the central dark fringe of the red system. It is from the first and last columns 
of this table that figure 4 is constructed. 
Each fringe system is represented by light and dark spaces on a strip of graph 
paper. The line CC shows the position of the central dark fringe of the 6600 a. 


RED 6600 a 
uae Lays 
Garren SACO 

PvE. 46208 
VionET 3160 4. 


LDGE. 


Figure 4. 


system which has been displaced 12 fringe-widths from the edge of the mirror 
(supposed to be to the left of the diagram). The central fringe of the 5940 a. 
system is displaced 0-05 in. to the right of this, and the other systems are similarly 
displaced. 

We can determine the resulting illumination at any point by considering 
a line across the diagram parallel to CC. (In doing this it must be remembered 
that there is actually no sudden change from zero to maximum illumination in 
any fringesystem.) Itisclear that there is only one point at which the illumination 
will be closely approaching zero, and that is at D. To the left of this there will 
be a very slight preponderance of red at R; to the right there will be a definite 
preponderance of green at G. The next dark fringe, in order of distinctness, 
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willhave its centreat D,, where the illumination is mainly due to the violet, to which 
the eye is not very sensitive. On either side of D, there will be definite coloration, 
red at R, and green at G,. The next fringe, with its centre at D2, will have still 
more coloration, R, and G, being a more definite red and green than R, and G,. 

These conclusions agree with the observations previously described; but 
it would be more satisfactory to have some direct evidence that the mica is actually 
dispersing the centres of the fringe systems to the extent that we have assumed. 
With this object in view I took a set of photographs of the displaced system, 
including in each case the mirror edge, using in turn white, red, yellow, green, 
blue and violet light to illuminate the slit. Since the results had to be compared, 
careful measurements were taken of the white-light fringes both before and after 
the exposures, and the results were rejected until the measurements showed that 
there had been no change. By cutting narrow strips from these photographs 
I obtained seven strips (five colours and an initial and a final white exposure) 
similar to the strips of graph paper from which figure 4 was constructed. These 
were stuck on to a common base with the photographs of the mirror edge in line. 
The result should resemble figure 4, and should give us a measure of the dispersive 
power of the mica. If that dispersive power is very low it may be that we shall 
find a set of dark fringes which are in a good straight line except for slight devia- 
tions in the blue and violet. 

The composite picture is shown in photograph 4. Its resemblance to 
figure 4 is quite clear. The set of dark fringes which produces the darkest 
fringe of the white-light system cannot be the set of central fringes which has 
been dispersed by the mica, for of these the green is nearest to the mirror edge. 
So the central fringes must form the previous set, which produce the second 
darkest fringe of the white-light system. ‘Thus the mica is shown to disperse 
the centres of the fringe system to the extent required by the theoretical discussion. 

The most important fact revealed by the theoretical discussion is that the nearly 
black central fringe is not produced by the coincidence of the central dark fringes 
of the different systems, but by the fringes next to the right, i.e. away from the 
mirror, from the central fringes. ‘Thus when we observe the displaced system 
and see a nearly black fringe at its centre, we are not observing the central fringe 
of the original system in its displaced position. This raises the question as to 
whether the observation of the displaced system can give any evidence as to the 
nature of the central fringe of the undisplaced system. 

The piece of mica used in the experiment has dispersed the centres of the 
fringe systems so that the next set of dark fringes are nearly coincident. If a 
thinner piece of mica were used, the dispersion of the centres of the fringe systems 
would be less ; and, for a certain thickness, this would cause the bright fringes 
next to the central dark fringes to coincide, i.e. the white-light fringe system 
would be symmetrical about a central white fringe. Such a system is shown in 
photograph 5, in which there are two dark lines clearly distinguishable from the 
other fringes. Actually the right-hand fringe of this pair is appreciably darker 
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than the other, but when viewed by eye the system was clearly symmetrical about 
a white central fringe rather than about a black one. A slightly thinner piece of 
mica would give more perfect symmetry. 

It is clear, both from the theoretical discussion and from the photographs, 
that by varying the thickness of the mica any type of symmetry can be produced 
in the displaced system. Thus I conclude that the presence of a nearly black 
fringe, distinguishable from all other dark fringes, approximately at the centre 
of the displaced system, is no evidence that the central fringe of the undisplaced 
system is black; and that therefore the only evidence as to the nature of the 
central fringe lies in its direct observation. 

§3. THE FRINGE SYSTEM PRODUCED BY REFLECTION ATA 
LESS DENSE MEDIUM 

The existence of the dark central fringe in Lloyd’s single-mirror interference 
system shows that there 1s a phase change of z when light is reflected from an 
optically denser medium. What, then, would be the nature of a similar inter- 
ference system produced by reflection from an optically less dense medium? 

To investigate this question I immersed the mirror in carbon bisulphide. 
The liquid was contained in a tank of which the end plates, through which the 
light passed, were optically worked. By the “silvery” appearance of the 
liquid-glass surface when seen by light incident at large angles, it was clear that 
total reflection was taking place, i.e. that the liquid was the optically denser 
medium. When the fringe system was observed it appeared to be identical 
with the system produced in the ordinary case. The fringe-pattern changed 
during observation owing to convection currents in the liquid. The rate of 
change was deliberately increased by agitating the liquid. The width of the 
fringes changed considerably when the tank was moved, so as to alter the inclina- 
tion of the end plates to the rays of light. But in all cases the half of the dark 
central fringe could be seen on the edge of the mirror. ‘Thus when light is re- 
flected at grazing incidence from the surface of a less dense medium there is also 
a phase change of z. 

This result agrees with the theoretical treatment given in Preston’s Theory 
of Light (5th edition), Article 214, where it is deduced that: 

If i=angle of incidence of the light in the denser medium, 

u=index of refraction from the less dense to the denser medium, 
S=change of phase on reflection of light polarized in the plane of inci- 
dence (i.e. with electric vibrations perpendicular to the plane of 
incidence), and 
§’=change of phase on reflection of light polarized perpendicular to the 
plane of incidence (i.e. with electric vibrations in the plane of 
incidence), 
then foes 
p2+1—(p4+1) sin?z 


p2+1—2Qu2sin?s 2 
= (aI) sin'i— 21)’ 


> 


cos § = cos 6’ 


pe 
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(Actually the value given in the book for cos 8’ is minus the value given here. 
This is due to the fact that in the book the positive directions of the incident and 
reflected vibrations in the plane of incidence are opposed when 7 is large—see 
footnote on p. 393.) 

When 7=90°, cos 8=cos 8’= —1 and §=8’=z7; so that at grazing incidence 
both components suffer a phase change of 7 on reflection. 


§4. A COMMENT ON THE EXACT SIGNIFICANCE OF THE RESULTS 

Lloyd’s experiment is normally regarded as a demonstration that the phase 
change on reflection at a denser medium is 7 rather than sero. From this aspect 
the result is quite definite—there is a phase change of 7. But if we are to ask, 
as we must in the experiment on reflection at a less dense medium, “‘ Is the 
phase change exactly equal to 7? ”’, then the answer is much less definite. If the 
distance from the mirror edge to the centre of the first bright fringe is f, and the 
fringe-width is F, then the phase change on reflection is 27. fj/F. Thus the 
accuracy of the estimated value of the phase change depends on the measure- 
ment of the two small distances f and F, and so it cannot be very high. In the 
experiments described here the accuracy is still further reduced by the fact that 
the plate which has the accurately cut edge, from which measurements can be 
made, does not give a perfectly uniform fringe-width. Measurement of the 
negative of photograph 2 shows that the phase change on reflection at a denser 
medium must lie between 170° and 190°. 

In the case of reflection at a less dense medium no measurements could be 
made owing to the fluctuation of the fringe-pattern. The estimation that the 
phase change was equal to 7 depended on the observation that there was half 
of a dark fringe on the mirror edge ; this dark line would differ appreciably from 
a half-fringe only if the phase change lay outside limits of about 150° and 210°. 
If we take the refractive indices of the mirror and of carbon bisulphide to be 
1-52 and 1-63, and if 7=88°, then 6= 168° 54’, 6’=170° 22’, and the fringe-width 
is about one-third of that in photograph 3. Thus 6 and 6’ will not produce any 
visible alteration of the fringe system in this case. We might observe an altera- 
tion if we used a liquid which had a refractive index only slightly greater than 
that of the glass. ‘Thus if the refractive indices of the mirror and liquid were 
1-520 and 1-522, the critical angle would be 87°, and for 1=89°, 5=140° 0’, 
0’ = 140° 8", and the fringe-width about two-thirds of that in photograph 3. In 
such a case, if care were taken to eliminate convection currents in the liquid we 
might hope to obtain photographic evidence of a phase change differing from z. 
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ABSTRACT. The theory is based on the large sessile drop. The expressions 
h? +-d?=4a?(1+-2a/3r) 
and cos 06=(d*—h?)/(d? + h?) 


are derived, in which h is the height of a drop of the liquid and d is the depth of a bubble 
formed in the liquid beneath a horizontal plane ; a? is T/gp, T being the surface tension 
required, and r the horizontal radii of the drop and bubble, assumed to be the same and 
at least 6 cm. in length. The first expression is independent of the angle of contact @, 
and the second is independent of the surface tension and density p of the liquid. Actually 
the latter expression is true for bubbles of infinite extent only, but the error incurred in 
using it for finite bubbles of the radius mentioned is a fraction of 1 per cent of cos @. 

The methods of developing the drop and bubble and of measuring / and d are de- 
scribed ; preliminary results indicate that benzene and water have definite angles of 
contact with plate glass. 


§1. INTRODUCTION 

EVERAL of the methods of determining the surface tension of a liquid 
S depend on a knowledge of the angle of contact between the surface of the 
liquid and the containing vessel, but the actual methods of measuring the 

angles of contact are not always reliable. 
In this paper a method based on the theory of the sessile drop is presented 
by which the surface tension of a liquid and its angle of contact can be measured 

with some degree of certainty. 


§2. THEORY ' 

The method is based in principle on the sessile drop, and the procedure con- 
sists first in developing a bubble of large extent in the liquid beneath a plane of 
plate glass ; next, a drop of similar extent is formed on the plate glass. In each 
case the plane of glass is horizontal, and the depth of the bubble below the plate, 
and the height of the drop above it, are measured. ‘The appearance for a liquid 
whose angle of contact is about 30° will be as in figure 1, which gives the maximum 
cross-sections of the drop and bubble respectively. 
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The faces both of bubble and drop will be horizontal. At the point P, where 
the plane of maximum horizontal cross-section cuts the bubble, let R and r 


c) 
Ui 


represent the radii of curvature of the horizontal and vertical sections respectively. 
The pressure p inside the bubble will be given by 


p=27(7 +3), sion (1) 


and when R is exceedingly large, 
p =27(-), eae (2) 


These equations indicate that the pressure diminishes as the bubble increases 
in volume, i.e. the bubble is slightly shallower when very large than when 
large, the diameter of the former being of the order 100 cm., whereas the latter 
may be about 4 cm. in diameter (Burdon, 1940). 

From elementary principles it may be shown, for a very large drop of height h, 


Figure 1. 


that lr =Teos t=gp/2) a eee (3) 
and for a bubble of similar extent, but of depth d, that 
TT Cos G=d"ep) 2) | es eee (4) 
By adding equations (3) and (4), the expression 
20 = (12+ d")gp/2> ya | Ge eee (5) 


is obtained, and this is independent of 6 ; by subtraction, 
cos 6 = (d® — h*)gp/2T = (d? —h?)/(d? + h?), 

and this is independent of J’ and p. Thus, by measuring / and d, T and 6 can 
be found. 

If the contact angle is zero, expression (3) shows that it is impossible to form 
a drop, whereas (4) indicates that it is possible to form a bubble, and that it will 
becomplete. Let D stand for the depth of such a bubble; then, if it is of infinite 
extent, expression (4) becomes 2T = D?gp/2, i.e. from (5), 

Di hesds >) 0" a, Wee eee (7) 

In practice, bubbles of small extent are used, and a correction is required for 

the slightly greater depths of bubble and drop which occur, as indicated above. 
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Ferguson (1913) has given such a correction ; he has shown that, when a 
bubble is large and, therefore, has a plane face, 


R? = 4a? sin? 6/2 + 8a3(1— cos? 6/2)/37, 
in which a=T/ gp, 
k=total depth of bubble, 
and 6@=angle of contact. 


Applying this to a finite bubble of depth d, and to the corresponding drop: 
of height 4,, we have 


hy? =4a* sin? 0/2 + 8a3(1—cos? 0/2)/3r = —— .,..,. (9) 
and dy? = 4a? sin? (180 — @)/2 + 8a3(1 — cos 180 — 6/2)/3r 
= 40° cos? 6/2 4-8a°(1— sin? 6/2)/3rn ees (10) 


Adding (9) and (10) gives 
2a ——— 
h+d=4a? E + 3, (2 — sin? 6/2 + cos aD | Say BRP (11) 


In most cases @ is less than 10°, and as sin? 5° + cos? 5°=0-99, the value of 
this quantity in the small term may be taken as unity with no appreciable error, 
and (11) becomes 

herd =4e(Ve2a/sry 6 ee (12) 

If, now, 6=0, from (9) and (10) 

he? =4a7(1 + 2a/37) ‘and d,?=0. 
Again, for 9=180°, 
h?..=0 and A259 = 4a7(1 + 2a/3r), 
and thus the height of a drop on a plate of contact angle 180° is the same as the 
depth of a bubble in the same liquid beneath a plate of contact angle 0°. 
Denoting this particular value by Hj, then 
PEA (dota la sr )ee | i PE IR eee (13) 

At first sight this appears to imply that H,?=h,?+4d,?, but it must be emphasized. 
that this is only approximately true, and that when the angle is small. Anexample 
will make this clear. Consider a liquid in contact.with a plate, the angle of contact 


Figure 2. 


being 90°. In this case the depth of the bubble will be the same as the height 
of the drop: if, now, a bubble be formed in the same liquid beneath a plane which 
has a zero contact angle, the horizontal plane of maximum area will divide the 
bubble as shown in figure 2, the lower portion being deeper than the upper. 
The ratio for an infinite bubble is p/¢= 1/V2. Thus a bubble and the corre- 
sponding drop do not together constitute the complete bubble, and H, must 
be regarded as the height of a fictitious bubble. 
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If the bubble becomes very large, 7 is very large, and the small term in the 
expressions (8) to (12) becomes negligible, and H? =4a? in (13). When, however, 
the radius is 6 cm., the small term may be of the order 5 per cent, so that, following 
Ferguson, 2a is replaced by H as an approximate value in (13), which becomes 

H?=4a2( eH [37a Sas pa eee (14) 
from which 4a? is obtained. The new value of 2a is inserted in (13) and 4a? again 
calculated; this is repeated until the value obtained equals that substituted. 
This is the method of successive approximations. 

The value finally obtained is used in the expression a? = T/gp to determine T. 
The same procedure is adopted for liquids with appreciable angles of contact, 
except that expression (11) must be used, with an approximate value of 0 
substituted. This merely gives (14) a different coefficient in the last term. 

This approximate value 6 of the angle of contact is obtained from expression 
(6), in which the values d,, , are substituted for d and h respectively; denoting 
this value of the angle by 6,, the expression becomes 


d,—h? 4a*[(cos? 6/2 — sin? 6/2) + 2a(cos? 0/2 — sin’ 6/2)/37] 
d2+h? 4a?[(cos? 6/2 + sin? 0/2) + 2a(2 — cos? 6/2 — sin? 0/2)/37] 
_ cos 8 + 2a(cos* 6/2 — sin’ 6/2) /3r (15) 
1+2a(2—cos?@/2—sin?6/2)/3r> 
after substituting for d, and h, from (9) and (10). 
Actually, however, the difference between @ and 0, does not exceed a fraction 


of a degree, for 2a is less than 0-5 cm. in all cases, and 7 is made as near 6 cm. as 
possible, so that 2a/3r is about 1/40 or less. Write expression (15) as 


cos 0+ A. 2a/3r 
bE. Zara st hee 


cos 6,= 


cos 0, = 

in which A stands for 
cos? 6/2 — sin? 6/2 
and B stands for 
2 —cos? 9/2 —sin® 6/2, 
and this expression becomes 
cos 6+ A/40 
1+ B/40 


This would make the actual value equal the approximate value @, if A/B= cos 0. 
The following table gives the values of cos 0, for several values of @ :— 


COS 0; = 


6 (degrees) cos 8 cos 6/2 cos? 9/2 sin 8/2 sin® 6/2 A B cos 6, 
0) 1 il il 0 0 0) 0 1 
30 0-866 . 0-966 0-90 0-259 0-02 0-88 1-08 0-865 
60 OFS 0-866 0-65 0:5 0-13 O52 a e22 0-498 
90 0 0-707 0:35 0-707 0:35 0 ies 0) 
120 —0°5 0-5 OES) 0-866 0-65 —0:52 1:22 —0-498 
150 — (0-866 0-259 0-02 0-966 0-90 —0°88 1:08 —0-865 


180 Bil 0 0 1 1 = 1 =I! 
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The close agreement between the second and last columns indicates that 
the error in writing cos @ for cos 9, is a fraction of 1 per cent, and that the true 
values of @ differ from the approximate values by only a few minutes. Thus the 
error incurred in substituting 6, for 0 in (11) is very small, particularly as the term 
involving 6 is multiplied by 2a/3r, which is about 1/40. 


§3. APPARATUS 
The apparatus is shown in figure 3, and consists of a circular piece of plate 
glass supported by a vacuum desiccator lid. This communicates, by means of a 


Figure 3, 


ground-glass stopper, with a glass tube 1 inch in internal diameter. The whole 
is supported on a levelling table. A hole 2 inches in diameter passes through the 
centre of the glass plate. i 


§4. PROCEDURE 

The apparatus, after removal from a bath of concentrated sulphuric acid, is 
thoroughly rinsed in hot boiled water and then dried by means of an electric hair 
drier. After placing on the levelling table it is filled with the liquid under test, 
care being taken to avoid touching the apparatus. Some of the liquid is drawn off 
through the side tube, which serves as a manometer, the large diameter minimizing 
surface-tension effects. This withdrawal diminishes the level in the circular hole 
and develops a bubble, which indicates the need of any further levelling of the 
apparatus. Continued removal of the liquid causes the manometer level to drop 
and the bubble to grow until the latter is about 5 cm. in diameter, when the level 
remains practically constant, whereas the bubble continues to grow. ‘This 
indicates that the base of the bubble has become plane, for no change which 
could be detected by the unaided eye occurred in the depth while the bubble grew 
to a diameter of 12cm. ‘The manometer level is then read by a travelling micro- 
scope, for it indicates the level of the base of the bubble. Liquid is next added 
to the manometer to raise the level above the plate, and thereby to develop the 
drop. This is allowed to grow to the same diameter as the bubble, and the height 
in the manometer is read again. 

The next problem is the determination of the levels of the surfaces of the glass 
plate so as to calculate the height of the drop and depth of the bubble. At first 
it seemed likely that the liquid could be adjusted until the level of the underside 
of the plate coincided with the surface, when the manometer couid be read, but 


408 A. E. Bate 


this was impracticable. Direct measurement is out of the question, as, by the 
nature of the problem, the capillary rise in the manometer must be accounted for. 
Finally, the levels were found by placing a spherometer, with its central leg 
projecting and locked by a nut, astride the hole inthe plate. The plate is 0-71 cm. 
thick, and the spherometer leg was found to project 0-835 cm. below the lower 
face. 

The liquid levels were adjusted by adding the liquid, a drop at a time, to the 
side tube until contact between spherometer and the surface occurred. A section, 
of the surface is then as in figure 4, which indicates that the angle of contact will 


Figure 4. 


have a negligible effect on the surface. The level of the manometer is then read, 
0-835 cm. is added to give the manometric height corresponding to the iower 
face of the plate, and a further 0-71 cm. added gives the manometric height of 
the upper face, from which h/, and d, can be deduced. 

(Note: If the actual height of the plates is required in the manometer, it 
can be easily obtained by providing the plate with a 1’ hole, and allowing the 
liquid to ascend this a little way. As the manometer is 1’’in diameter, the levels 
will be alike, and the exact values are easily found.) 


§5. RESULTS 
The values for each liquid were obtained at intervals of one week. Benzene 
was used on three distinct occasions, and gave the same values for height of drop 
and also for depth of bubble, but the values of each did not give the actual surface 
tension. ‘This led to the introduction of the spherometer. ‘The aniline and 
benzene were of A.R. standard, the water was tap-water. 


‘Temperature 
T 6 Ce) 
Aniline 46-7 36 9 
Benzene 27-4 114 19 
Water 73°13 94 19 


Discrepancies between these results and those generally accepted may be 
due to 
(a) Contact being with plate glass. 
(6) The bubble surface being in contact with air saturated with vapour, 
whereas this may not be the case with the drop. 
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(c) ‘The liquids, except water, not having been freshly prepared. Cos 114° is 
0-98, which means an error of about 0-5 dyne in taking @ as 0 for benzene, 
a quantity which may be overlooked. For water, the difference between 
T cos 9$° and T cos 0 is about 1 dyne. These results are to be regarded 
as preliminary, further experimental work having been suspended owing 
to the prevailing conditions. 


§6. CONCLUSION 

The method has the following advantages : 

(a) It is statical. 
(b) The apparatus is easily cleaned. 

The development of the bubble in these experiments is really a particular 
case of the Jaeger bubble experiment, and shows that in the latter the bubble 
is only to be regarded as spherical for tubes of very small diameter. 

The writer hopes to publish more results later, both with the apparatus as 
described and also with the top of the glass plate covered by a desiccator lid, 
which will enable the apparatus, including the manometer, to be evacuated. 

Such results will give the surface tension and angle of contact of a liquid in 
contact with its own vapour. 
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ABSTRACT. In an earlier note the writer has described the formation of patterns 
by refraction of light, from a point source, at the surface of a ground surface of quartz 
parallel to the (0001) plane and has indicated that the method has been applied to the 
study of ground and scratched surfaces of quartz and other materials (Rivlin, 1940). 
In the present paper a mathematical theory of the formation of these refraction patterns 
is given. Formulae are deduced and curves are given showing the relation between the 
intensity distribution in the refraction pattern formed by a surface uniformly covered 
by small facets, having any specified distribution of orientations, and this distribution 
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of orientations. From a measurement of the light-intensity distribution in the refraction 
pattern, the law of facet distribution with orientation may be calculated. It is intended, 
in subsequent papers, to discuss the application of these results to the interpretation of . 
various refraction patterns. 


§1. INTRODUCTION 


HE reflection of light by rough surfaces has been the subject of extensive 

theoretical study by Bouguer (1760), Berry (1923), Pokrowski (1924), 

Schulz (1925) and Bloch (1939), on the assumption that these surfaces 
consist of large numbers of small refracting facets. ‘The first four authors made 
some assumption about the distribution law for facets of various orientations, 
while the last-mentioned author has deduced from experimental observations 
the equivalent facet distributions obtaining in the special case of reflection by 
a road surface. 

The ‘ reflectogram ” method, in which the intensity distribution in the light 
reflected from a surface is used to obtain some information about the orientation 
of various parts of the surface, has been used by a number of workers; the method 
is essentially an extension of the optical goniometer. 

We shall here investigate the intensity distribution in the light which is re- 
fracted out of a rough plane surface when a point source of light is viewed through 
this surface. A distribution of light intensity is then seen, due to the formation 
of a large number of virtual images of the point source by the various facets of 
which the matt surface may be considered to consist. This luminous pattern 
will be called the refraction pattern of the surface. Refraction patterns of ground 
and scratched surfaces of a number of crystalline materials have been studied 
by the present writer (Rivlin, 1940), and the results obtained were of sufficient 
interest to warrant a mathematical analysis of the formation of these refraction 
patterns. 

It is assumed here that the surface roughness can be considered to consist 
of a large number of small plane facets of various orientations, each facet being 
sufficiently large, however, for the diffraction effects to be neglected. We first 
consider, in § 2, the refraction pattern obtained in the hypothetical case when the 
surface is covered by facets all having the same orientation. This case has been 
discussed, to some extent, by de Gramont (1935), but it is included here as it 
forms the basis of the subsequent work. It appears that for this case the re- 
fraction pattern consists of a single spot of light whose position depends on the 
orientation of the facets. 

In §3 we discuss how for any given facet orientation this position can be 
altered. In § 4 the distribution of light intensity for any given distribution of 
facet orientations is found, and it is shown how the distribution law of facet 
orientations can be calculated from the observed light-intensity distribution. 

It is proposed in subsequent papers to describe the refraction patterns for 
certain surfaces, and to discuss the inferences which can be drawn therefrom. 
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§2. REFRACTION BY A SINGLE SET OF SMALL PLANE 
4 : PARALIEL FACETS 
; See we have a number of small plane parallel facets standing: on the 
suriace AB of a slab of material of refractive index t, which has two plane parallel 


bounding surfaces AB, CD (see figure 1). The surface AB is viewed by an eye 
E 


Figure 1. 


situated at E and illuminated by a point source of light O on the lower surface 
CD of the slab. We shall take EO normal to the surfaces AB, CD of the slab. 
Figure 1 is a plane section through EO and parallel to the line of greatest slope 
of the facets. Light will be refracted to E from a point P of the surface only 
if the following two conditions are satisfied :— 

(i) the incident ray PO, the normal PQ to the facet at the point P and the 
line PE (which would then be the direction of the refracted ray), all 
lie in the same plane; 

(ii) the relation 

sin 2/sin r=1/p 
holds, where z and r denote the angles OPQ, EPQ’ respectively. 

The first condition limits the position of the point P on the surface AB of the 
slab to the section of surface by the plane of figure 1, while the second condition 
limits the point P to a unique position. 

With the notation :-— 

/= thickness of the slab (= ON). | 
x = distance of eye from the surface of the slab (=EN), 
%=inclination of normal to facet to the direction of ON, 
PN is given by the equations 
sim7sinii= Lies i) Pee 1) Tee (1) 
PNewtam(s—oy=Ttan(e—7)a 08 9 9 Ae. (2) 

In the limiting case when the eye is at infinity we obtain r=«. ‘The value 

of z,and hence of PN//, can then be easily found. In figure 2 the value of PN// 


for values of « from 0 to 90° is plotted for various values of p. 
28-2 
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Figure 2. Relation between position on refraction pattern and facet inclination. 
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The nearest position of the eye to the surface at which an image of O can be 
seen by refraction at a facet of inclination « is given by the construction of figure 3. 
The eye is then in such a position that it receives a ray leaving the facet in a glancing 
angle. We see from this that the eye is in a position to see the light refracted 
from facets of all inclinations up to 90° only if it is at infinity. In practice a 
close approximation is obtained if the eye is at a distance away from the surface 
much greater than the thickness of the slab. Alternatively, the arrangement 
of figure 4 may be used. A lens is placed over the slab and the pattern is viewed 
through a stop S placed at the focus of the lens. This restricts the light reaching 


the eye to those rays which leave the surface of the slab in a direction normal to 
the surface. 


§3. METHODS OF ALTERING THE DIMENSIONS OF THE 
REFRACTION PATTERN 

From equation (2) it appears that the dimensions of the refraction pattern are 
proportional to the thickness of the slab, and they may therefore be varied by 
varying the thickness of the slab. It is, however, not always convenient to do 
this, and we shall therefore discuss other methods for varying the dimensions 
of the refraction patterns. 

It is evident that if PN, for any particular facet slope, is greater than AN, 
the corresponding refracted ray will not appear. ‘This may be avoided by 
covering the surface of the slab with a layer of liquid of suitable refractive index. 


Figure 5. 


By suitably choosing the refractive index of the liquid, the dimensions of the 
refraction pattern may be reduced to any given extent. In the limiting case, 
when the refractive index of the liquid is equal to that of the material under in- 
vestigation, the refraction pattern will reduce to a point at N. 

If the surface is covered with a liquid of refractive index 1,(<j), it is apparent 
that in the special case when the emergent ray is parallel to ON, PN//is given as a 
function of « by substituting p/m, for in equation (1). ‘The corresponding 
values of PN// and « are thus given for various values of ju/4, by the curves of 
figure 2. In the case when p4>p, the same argument applies, but the refraction 
pattern is reversed about the centre N. 
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Again, the dimensions of the refraction pattern can be increased by taking 
the point source some distance below the lower surface CD of the slab under 
investigation. The lower surface should then be polished or covered with a 
liquid of refractive index equal to that of the material of the slab, to avoid scattering 
or irregular refraction at this surface. The arrangement is shown in figure 5 
It can easily be seen that the position of P corresponding to any given value of « 
is moved outwards (from N) from its position given by the analysis of § 2 by 
a distance a tan y, where a is the distance of the source O from the base of the 
slab and sin y=p sin (a—z2). 


§4. THE FORMATION OF REFRACTION PATTERNS OF SURFACES ON 
WHICH STAND FACETS OF VARIOUS INCLINATIONS 


We have seen that the refraction pattern of a set of plane parallel facets is a 
single point whose position depends on the orientation of the facets. Now, 
if the surface studied is uniformly covered by facets having a variety of orientations 
(i.e., the fraction of any small area on the surface, covered by facets in any specified 
range of orientations, is independent of the position of the small area on the 
surface), a light pattern will be produced which is determined by the distribution 
of facet orientations. 

Let us suppose that the surface is viewed normally through a small square 
aperture which forms with the point N a pyramid of semi-vertical angle «. Now 
we shall calculate the intensity of light reaching the aperture from an elementary 
area dS of the surface situated abouta point P. As shown in figure 1, the position 
of the point P may be defined by spherical polar co-ordinates (R, 0, ¢), where 
R is the distance of P from O, @ is the angle PON and ¢ is the angle between 
the projection of OP on to the plane CD and an arbitrary direction OX in this 
plane. The orientation of any facet may be defined by two angles « and f. 
« is the angle of inclination to ON of the normal tothe facet. fis the angle between 
the projection of this normal on to the plane XOC and OX. dS is assumed to 
be so small that it subtends, at any point of the aperture, an angle which is small 
compared with «. Then light from O, falling on the area dS, will be refracted 
into the pyramid formed by P and the aperture only from facets whose normals 
lie in a small solid angle. 

Now, assuming that the source radiates light uniformly in all directions, 
the amount of light falling on dS from the source at O is proportional to 


dS cos 0/R?, 
which for a slab of given thickness is proportional to 
dis .€0S: U, 


Suppose the surface is uniformly covered with facets, the distribution law 
of their orientations may be expressed as follows :— 


The fraction of the area dS on which stand facets whose orientations lie in the 
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range 

(«,.B8), («%, B+AB), (x+Aca, 8), (a+Aa, 8+A8) 
is given by the formula f(a, 8).A«.ABsina. We note that Ax. Af. sina 
is the solid angle traced out by the normals. 

Hence, neglecting the partial reflection which takes place when light is 
refracted at a facet, the amount of light refracted out of the area dS into the 
pyramid of semi-vertical angle ¢ is proportional to 

USERMCOS Y SGL ORS) NOs JNO SITY ae (3) 
where Ax, A sin « are the vertical angles of the ‘‘ pyramid of normals to facets ”’ 
corresponding to the pyramid of refracted light of semi-vertical angle «. 

We shall now derive the relation between Ax, Af and 2e. 

In figure 6, we see how the angle of refraction varies for a small variation Ax 


of the inclination of the facet normal to ON, the incident ray remaining, of 
course, unchanged. 


Figure 6. 


Let €, % be the angles of inclination of the incident and refracted rays 
respectively to ON. Then the relation between the angle of incidence and 
the angle of refraction is given by 


sin (« —&)/sin («+%)=1/p, 
Ads rs cos (2+) 


whence Aa = i 
cos (« —£) — pe (a+) 


Now, taking the point from which the surface is viewed far from the surface, 
we have a+ys=a and Ay =2e, which gives, with equation (4), 


An=2e/ (1 aes -1), 

cos & 
where 7 is substituted for (« — €). 

To obtain the relation between Af and « it may be noted that the refracted ray, 
incident ray and normal to the facet must be coplanar, and, since the incident ray 


remains fixed, must be given by rotating figure 6 about OP through a small angle. 
If figure 6 is rotated about OP through the small angle 7, the refracted ray 
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and facet normals each trace out a sector whose vertical angles in planes perpen- 
dicular to the paper and passing through the refracted ray and facet normals 
respectively are given by resolving the rotation in directions in the plane of the 
paper perpendicular to those of the refracted ray and facet normal respectively. 

Therefore the vertical angle of the pyramid of refracted rays is given by 
7 sin (r —i) =2e and the vertical angle of the pyramid of facet normals is given by 

AB sin «=7 sin 7. 
Hence 
2e sin 2e sin 2 
AR SING is (gi) tiie): 


since the eye is at infinity, so that r=«. 


ne Lea all 
(0) 10 20 30 40 50 60 70 80 
« (de gree s) 


90 


Figure 7. Variation of a with a for values of « between 1-1 and 1°8. 


Thus, from equation (3), we have that the light refracted out of the area dS 
and into the viewing aperture is proportional to 


dS . cos? 6. f(a, B)4e? sin z 
sin @-i(4 Sas i) 


COS &% 


This formula must be modified by a factor R,;, which is the fraction of the 


incident light refracted through the surface of refractive index 1/ when the 
angle of incidence is 7. 
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For a polished surface this can be obtained from the formulae of F resnel, 
which give 


sin? (¢—r) tan? (i—7) 
R; = 1 a 4 -o/s . 
sin’ (¢+r) — tan? (¢+7) 
for unpolarized light. 
Thus the distribution of light over the surface when it is viewed through a 
small distant aperture is proportional to ®(«) -J(«, 8), where, since 0@=« —z, 


M(«) = Te WP ae Ke aa ta vawe (5) 
sin (% —12) (Kost 1) 


2 is, of course, related to « by the equation 
sin z/sin «=1/. 


Now, for a slab of thickness /, « is related to PN// by the equations (1) and (2), 
and hence, by using these equations in combination with equation (5), we can 
evaluate the intensity distribution for any given facet distribution, or vice versa. 
Thus, in figure 7, ®(«)/®(0) is plotted against «. The value of the Fresnel 
reflection factor was obtained from the numerical tables of Moon (1940). The 
curve given is approximately correct for all values of w between 1°1 and 1°8. 
Using this curve in conjunction with the curves of figure 2, ®(«)/®(0) may be 
plotted against PN// for any value of pu in the range 1-1 to 1-8. 

The form of the function f(x, 8), and hence the equivalent distribution-law 
of facet orientations, can be deduced by comparing the observed intensity dis- 
tribution with the distributions given by the curves of figures 2 and 7. 
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ABSTRACT.}+ A new treatment of the theory of dimensions is proposed, based on 
consideration of the manner in which numbers are introduced as symbols for certain 
aspects of nature. It is shown that there are only two direct ways of doing this, the 
measurement of length and the measurement of time. ‘These are not independent, as 
the first involves the second ; they are related by a universal constant which is here 
called the constant of interaction, in preference to the ‘ velocity of light”. ‘This leads 
to a very simple formulation of the dimensions of physical quantities in terms of symbols 
representing length and time measurements only, and to a new use for dimensional 
equations in checking theoretical predictions as to the relations between different physical 
quantities such as mass and energy. 


si] INTRODUCTION 
EAN BAPTISTE JOSEPH FOURIER introduced the theory of dimensions into 
ieee in his famous Théorie analytique de la chaleur of 1822. His reasons 
for so doing are stated (Fourier, 1878) as follows :— 

‘‘ Tt must now be remarked that every undetermined magnitude or constant 
has one dimension proper to itself, and that the terms of one and the same equation 
could not be compared, if they had not the same exponent of dimensions. We 
have introduced this consideration into the theory of heat in order to make our 
definitions more exact, and to serve to verify. the analysis ; itis derived from primary 
notions on quantities; for which reason, in geometry and mechanics, it is the 
equivalent of the fundamental lemmas which the Greeks have left us without 
proof.” 

Since Fourier’s time the subject has been considerably developed. Sir A. W. 
Ricker (1888) maintained that all physical quantities could be expressed in terms 
of five units—length, mass, time, magnetic permeability and temperature: Tolman 
(1917) has suggested length, mass, time, electric charge and entropy: the 
principles of dimensional homogeneity have been expounded by Buckingham 
(1914). ‘There is further considerable literature on the subject, but it is true to 
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say of it all, as Fourier said originally—“ It is derived from primary notions 
.... left us without proof.” 

Now it is on just such notions which underly explicitly or otherwise the 
development of physical science that those interested in the philosophy of science 
must concentrate critical attention. 

The treatment developed in this paper is the result of critical consideration 
of the acts of measurement whereby numbers are introduced into nature, and 
follows the application of the same method to the problems of electric and mag- 

-hetic induction (Brown, 1940 a and b). It appears that there are only two 
fundamental measurements, those of length and time, and this has led to the view 
that all physical quantities must be capable of expression in terms of length and 
time alone. It was interesting, therefore, to find that Maxwell (1881) mentions 
this possibility, although he does not seem to have favoured its adoption. Lord 
Kelvin (1889) also considered the possibility, saying: ‘There is something 
exceedingly interesting in seeing that we can practically found a metrical system 
ona unit of length and a unit of time. There is nothing new in it, since it has been 
known from the time of Newton, but it is still a subject full of fresh interest. 
The very thought of such a thing is full of many lessons in science that have 
scarcely yet been realised, especially as to the ultimate properties of matter.” 

The treatment adopted in this paper had as its original stimulus two definitions 
by Sir Arthur Eddington. The first was his emphasis on the fact that ‘‘ the whole 
subject matter of exact science consists of pointer readings and similar indica- 
tions ”’ (Eddington, 1928), which is really a definition of exact science, and the 
second was his definition of the electric charge e, viz., that e is only manifested in 
the presence of other charges, and in particular, for simplicity, in the presence of 
one other charge, and it is a measure of the mutual interaction. 

Consideration of the first led to the view that the only measurements that 
physicists actually require to make are either of space-like or time-like intervals, 
and consequently that dimensional reasoning should be in terms of only L and T, 
and the second (since Eddington’s definition applies equally to M, the mass) 
to the view that the dimensions of charge and mass should be the same, since the 
methods of measurements of their respective interactions are identical in theory, 
e.g. by a torsion balance. The new treatment of dimensional theory which 
follows is more in line with the present philosophy of physics than the classical 
‘‘ intuitive ”’ presentation. 


§2. POINTER READINGS 
In exact science, numbers are introduced into nature by certain conventional 
and historic processes. If we exclude the process of pure counting, by which, 
for instance, we find the number of Jupiter’s moons, these conventional processes 
are found to consist of visual observations of the alignment of two marks, together 
with counting. In exact science these are the only observations that are necessary, 
and this has led Eddington to describe a physicist as a man who requires no 
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sense organs beyond one colour-blind eye, and to call the objects of his emasculated 
attention pointer readings. 

The physicist claims that he measures many things—mass, force, potentials 
and so on—but what he actually observes are pointer readings, and this, together 
with the faculty of counting, is all that is required for that part, and it is important 
to remember that it is only a part, of science called exact science. A hint in this 
direction might have been obtained by recalling that mass is a coefficient invented 
by Newton, force is the hypothetical cause of change, and potential is a pure 
Western-European myth. None of them could, therefore, be measured directly. 

Now consideration will show that there are only two direct ways of making 
use of pointer readings in the process of introducing numbers into nature: 
in one case the alignment is of two different pairs of marks; in the other case one 
of the marks at least, and usually both marks, must be the same in each pair of 
alignments. The first type of observation leads to the measurement of a length 
or space interval and the second to a measurement of a time interval. In the case 
of measurement of mass by a balance, or resistance by a bridge method, although 
a pointer reading is observed, it is not this reading which introduces a number, 
i.e. it is not by counting marks on this scale that the number is obtained. ‘The 
number is got by pure counting elsewhere. ; 

Consider first the simple measurement of length. ‘This involves the use 
of a material scale which is placed in contact with both marks on the object to be 
measured. ‘The zero mark on the scale is aligned with one of the marks on the 
object, and then the mark on the scale which is in contact with the second mark 
on the object is noted. By a process of counting marks on the scale between the 
two marks with which alignment has been-made, a number is arrived at which is 
defined to be the length between the two marks on the object. Usually the ob- 
server moves from one point to the other to observe the two alignments, so that 
a time interval is necessarily involved in the measurement ofalength. ‘To avoid 
movement the observer may remain at rest at the point of zero alignment and 
arrange mirrors in such a way as to superimpose an image of the distant alignment 
upon the zero position, so that both may be observed with the same glance. But 
even in this case, as we know, a time intervalisinvolved. ‘This is usually expressed 
by saying that “‘ light takes time to travel’’. In this paper it will be most im- 
portant to avoid this popular form of speech. We shall emphasize that, in the 
case of light, nothing observable has ever been shown to travel at all. We shall 
not, therefore, make a hypothesis for which there is no evidence whatever; we 
shall restrict ourselves to the discussion of interaction, which is what we observe. 

Now the question which arises in connection with the above discussion of 
measurement is this: is interaction instantaneous? In other words, if a disturb- 
ance is produced at the point occupied by the observer, does its interaction with 
a distant object occur at the same time (on the observer’s clock) as that at which 
the disturbance was caused? It is, of course, well known that this is not the case. 
‘The experiment that shows this is one of the Fizeau-wheel type. A disturbance 
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is made at the position of the slotted disc (‘light passes through a slot ’’) which 
interacts with an object at a known distance (‘illuminates a mirror’’), and this 
interaction itself causes another interaction at the disc (‘‘ the light is reflected back 
to the disc’’). It is easily shown that the original disturbance and the second 
interaction (at the disc) are not instantaneous, and by measuring the time interval 
and assuming that interaction is independent of direction in space, we infer 
that the interaction at the mirror, distant J, say, from the disc, took place at a time 
//c later than the original disturbance measured on the observer’s clock. If care 
is taken that interaction with other objects is avoided (‘‘free space’’), then c 
turns out to be a universal constant which will here be called the constant of inter- 
action. Incentimetres and second units the value of c is found to be approximately 
SoGLOte, 

Considering next the measurement of time: how do we put numbers into the 
fleeting time of consciousness? By a method, equally a matter of convention as 
that by which we measure length. In each case we cannot introduce numbers 
until we have defined what are to be regarded as equal intervals. In the case of 
length we assume that the scale does not change in length as it is moved about or 
when it has different orientations in space, and in this way we can mark off equal 
intervals of distance. In the measurement of time we can define equal intervals 
as those given by a pendulum swinging in a vacuum in certain specified con- 
ditions. ‘The present method of measuring meridian transits of heavenly bodies 
and then correcting them from considerations of Newtonian theory which itself 
rests on experiment, and therefore on some presumably better definition of equal 
time intervals, seems unsatisfactory (Brown, 1935). In any case, what is 
observed is the intermittent succession of alignments between the same pair of 
marks, one of which is, or has been, in motion. The times between successive 
alignments of the marks are arbitrarily defined to be equal, even if they differ 
from the impressions of consciousness. ‘The observation of alignments between 
the same pair of marks or between pairs of which one is always the same (hour- 
glass, water clocks, etc.), can be made at the position of the observer without 
moving or involving interaction with objects at a distance: the observation 
of the alignment between different pairs, which is necessary for the measure- 
ment of length, involves interaction at a distance, and consequently a time 
interval. 

We conclude, therefore, that exact science concerns the introduction of 
numbers into nature by certain conventional operations together with the process 
of counting. What are actually observed are pointer readings: when two 
successive observations consist in noting the alignment of different pairs of marks, 

a length is said to have been measured; when the successive observations consist 
in noting the alignment of the same pair of marks, a time is said to have been 
measured. ‘The observation of different pairs of marks involves movement 
of the observer, or, if he remain stationary, interaction with the distant point of 
alignment. The minimum time associated with the measurement of a length / by 
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a stationary observer is J/e, where c is the constant of interaction. A little con- 
sideration will show that this remains true even if the length is calculated by trigono- 
metry from a much shorter base line. The successive observation of the same 
pair of marks does not require the observer to move, nor does it require any inter- 
action with objects at a distance, so that a time measurement does not involve 
a length. A ‘“‘pure”’ time measurement is therefore possible; a pure length 
measurement is not. Owing to the fact that ¢ is found to be a universal constant, 
every measurement of length, even in the ideal case—a theoretical experiment— 
involves a time interval of J/e. If we now make the following definition : 


Equivalent measurements are measurements which in similar physical circum- 
stances result in the same number, 
we can say that the measurement of a length /is equivalent to a measurement of 
a time interval J/e multiplied by the constant of interaction. 


At this stage it will be convenient to make some more definitions :— 


Primary measuring operations are the operations described above for intro- 
ducing numbers as symbols of spatial and temporal intervals, given in, or inferred 
from, consciousness. 

Secondary measuring operations are all other operations of measurement, 
such as weighing or reading a thermometer. 

Measurement: the measuring operations, together with the substitution of the 
numbers so obtained in the formula defining a physical quantity, constitute the 
measurement of that quantity. 

A physical quantity is anything that can be measured. 

Magnitude of a physical quantity isa number obtained as the result of measure- 
ment. 


§3. DEFINITION OF DIMENSIONS 

Let the operation of measurement of a length be symbolized by L and the 
operation of measurement of a time be symbolized by T. If the results of all 
measurement can be calculated from numbers obtained by one or both of these 
two operations, we must be able to express the measurement of any physical 
quantity in terms of L and 'T. The measuring operation involves, of course, 
a unit, and in what follows the c.g.s. system will be assumed for convenience ; but 
the treatment is independent of such an assumption. 

Taking first the example of an area measurement, we obtain the number 
representing the area by multiplying the numbers obtained by two different 
length measurements. We can represent this by L!x Lor L?. In the same way 
a volume measurement is represented by L?. An angular measurement requires 
two measurements of length, but the resulting numbers are divided, and so this is 
represented by L°. Similarly a velocity is LT and an acceleration LT-. 
With this convention, the index numbers indicate the way in which the numbers 
resulting from operations of measurement are treated in arriving at the magnitude 
of the physical quantity in question; they do not necessarily represent the number 
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of separate measurements of length and time which are required for determining 
this magnitude. 


We can now define what is meant by the dimensions of a physical quantity :— 


Dimensions: the dimensions of a physical quantity consist of one or both of the 
symbols for the two primary operations of measurement of length and time 
(Land T), together with the respective indices representing the powers to which 
the numbers so obtained are raised in order to conform to the definition of the 
quantity. 

Ratio of physical quantities: the ratio of two physical quantities is obtained 
by dividing their respective magnitudes and dimensions, 


Thus the ratio of two lengths will bea pure number. It is important to notice 
that although the number obtained by a length measurement is the ratio of the 
length of the object to that of the standard, this does not make all lengths pure 
numbers (dimensionless). The length of an object in exact science is not some- 
thing given directly in consciousness. It is a number obtained by a conven- 
tional process called measurement. Now the length of the standard is not got 
by measurement but by definition, and so it is correctly represented dimen- 
sionally solely by unity. The length of a rod measured by it is, say, 10.1. 
On forming the ratio we have, therefore, that the ratio of the length of the rod 
to that of the standard is 10. L. 

Recalling now the argument of § 2, which led to the view that although a pure 
time measurement is possible, a pure length measurement is not, we see that in 
measuring a length we cannot avoid, in fact, measuring a space-time interval. Thus 
we can always arrive at the number representing it in two ways, either by a length 
measurement or by measuring the corresponding time interval and multiplying 
by c, the constant of interaction. Consequently we can write 


L=cT 


and look upon it as the tundamenta! dimensional relation, to be interpreted as 
follows: the symbol for a time measurement equivalent to a length measurement 
is obtained by dividing the symbol representing the length measurement by the 
constant of interaction ec. ‘This means that in dimensional formulae we are en- 
titled to substitute eT for L. 


§4. DIMENSIONS OF MECHANICAL QUANTITIES 


As soon as we leave kinematics and turn to other branches of physics, we 
deal with quantities which are not so directly measurable, e.g. force, electric 
charge, etc., and which are defined by equations containing quantities which can 
be measured. Such equations may be called defining equations. The general 
procedure is to use these equations to define the unit and the dimensions. 
In cases where a physical quantity is determined by an equation expressing 
a proportionality (e.g. force proportional to rate of change of momentum), the 
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unit of the quantity is defined so as to make the numerical value of the 
constant of proportionality unity. In an exactly similar manner the dimensions 
of the quantity are chosen so as to make the constant of proportionality 
dimensionless. It can then, and only then, be dropped from the equation. 

Now Newtonian mechanics is founded on the inference, from experiment, 
that force is required only to change velocity and not to maintainit. A convention 
for measuring force and mass was adopted by Newton which, since it is used as 
a defining equation, is now written 


(force) = (mass) x (acceleration). 


This, of course, is not sufficient, since there are two unknowns and only one 
equation. Newton, however, added his law of gravitation, giving, for the case 


of equal masses, 
(mass)* 


force) is, proportional to 7.4, 
( )Js,DrOp (distance)? 
We have now two equations and two unknowns, and so we can find either 


the force or the mass. Writing the above in the form 
(force)= G4 i775 

where G is some constant, and substituting for the force from the first equation, 
we get 

GM /r? = acceleration. 
Using square brackets to denote ‘“‘ dimensions of’’, and taking G to be a 
dimensionless constant, we have 

[M] = [acceleration] [length]? 
=e ae 


Later, in considering electricity and magnetism, it will be shown that we are 
correct in taking G to be dimensionless, since it is necessary for consistency, and 
in agreement with the definition of the ratio of physical quantities. 

In consequence of the above dimensional formula we have: 


mass Lc je action |e a 
force [Ai density Lb 
energy legal angular momentum L°T-3, 


momentum L*[-3 


and so on. 

At first sight it appears strange that, as Lord Kelvin said, the fourth power 
of a linear velocity is the proper measure of a force, and “ the square of an angular 
velocity is the proper measure of density”’. Kelvin, however, worked out in- 
genious illustrations: ‘‘ find the velocity with which a particle of matter must be 
projected, to revolve in a circle round an equal particle fixed at such a distance 
from it as to attract it with a force equal to the given force. The fourth power 
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of this velocity is the number which measures the force”. And again, with 
regard to density, Kelvin showed that if a satellite rotates very close to the surface 
of a spherical mass, then 


(density of sphere) = 3/47 (satellite’s angular velocity)?. 


Thus reassured, we may pass on to consider electricity and magnetism. 


§5. DIMENSIONS OF ELECTRIC AND MAGNETIC QUANTITIES 


It has already been noticed in § 1 thai Eddington’s emphasis on the fact that 
e, the electric charge, is a measure of the interaction of two charges leads directly 
to the view that M, the mass, and m, the magnetic pole-strength, are also measures 
of interaction, and as the measurement by which they are evaluated could be 
exactly the same in each case (e.g. using a torsion balance), and as the formula 
is also the same (inverse-square law), the dimensions for each should also be 
identical. This is clearly shown by writing 


a MM, Qo | | MyM, 
ww) [o]- Fl] - [8] 


Now K and are dimensionless numbers (Brown, 1940 a), for in each case 
they are defined as the ratio of numbers obtained by similar measurements, 
performed first with the material in question and then with a vacuum. The 
dimensions which represent the measurement are therefore similar, and when the 
ratio is derived they cancel and we are left with pure numbers. It cannot be too 
strongly emphasized, in view of the nature of past literature, that K and yu are what 
we define them to be, and not in some mysterious way indicative of the ‘‘ physical 
nature ”’ of electricity and magnetism (Tolman, 1917). 

K and p being dimensionless, the consistency of the above equations is satisfied 
if G is taken to be dimensionless, and it should be noted that its appearance in the 
equation is merely due to the fact that an arbitrary standard of mass already existed 
which was not defined in a similar manner to the unit of charge and pole. For 
consistency we should have taken unit mass to be such that if two unit masses were 
concentrated each at one of two points in a vacuum far removed from other bodies, 
and separated by the unit of distance, the force of attraction would be the unit 


of force.* 
If this consistent procedure had been followed, the constant G would not 


have appeared, and all three equations would have been isomorphous for a vacuum 
(i.e. when all other masses, charges, or poles are far removed from the two in 
question). It is clear, therefore, that we are correct in taking G to be dimension- 

less, and, in fact, it is easily shown that 1/(1/G) is the ratio of this unit of mass 
to the arbitrary gram (4/1/G=3-9 x 10%)—a dimensionless ratio of numbers 
obtained by similar measuring operations (in this case counting). 


* It would, of course, have been more consistent to base the whole of physics on the gravita- 
‘tional unit of mass (1°5 X10? gm.). This is defined in terms of length and time only. 
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The dimensions of the electric charge and magnetic pole are therefore the 
same as those of mass, viz. L?T-2. We easily derive the following dimensions :— 


Dimensions 
Quantity Electrostatic Electromagnetic 

system system 
Electric charge ERS: ILE 
Electric intensity and induction eae gd Net 
Electric potential and e.m.f. ean Id 8 
Electric current 1a | bel oe 
Electric resistance ae Apt 
Electric capacity L : jd 
Electric inductance ILM L 
Magnetic pole eile ees 
Magnetic field and induction LAA eee 
Magnetic flux Ay 1 De 
Intensity of magnetization OAR HPA bez 


This table illustrates the great simplicity of the system proposed, which in- 
cludes the absence of fractional indices. 


§6. DIMENSIONS OF HEAT QUANTITIES 

The subject of heat differs from other branches of physics in that it was long 
thought that no connection existed between mechanics and heat. Consequently 
mechanics was not put into heat at the start in the same way that it was put into 
electricity and magnetism, i.e. heat was not measured by means of the changes in 
force that it produces. ‘This has made the determination of the dimensions of 
heat quantities less obvious than in the corresponding cases of electricity and 
magnetism, since no defining equations existed connecting the units of heat and 
temperature with mechanical quantities. ‘The dynamical theory of heat, however, 
provides us with two equations, the equivalence of heat and energy, and Kelvin’s 
absolute dynamical scale of temperature (the perfect gas equation). ‘The entropy- 
probability relation and Stefan’s law do not express entropy or temperature in 


terms of any mechanical measurement, and are not, therefore, suitable as defining 
equations. 


Now according to the dynamical theory, heat is not merely proportional to 
energy, but is itself a form of energy, and consequently a measurement which 
evaluates energy can be used equally to evaluate heat. The dimensions must 
therefore be the same, so that any factor used for conversion from arbitrary heat 
units to energy units must be a dimensionless number. ‘Thus we can write 

[heat |= o> i= 
so that we have [mass] [specific heat] [temperature] = L°T-4. 

Now in the classical treatment, specific heat is dimensionless because, by 
definition, it is the ratio of the quantity of heat required to raise the temperature 
of a body by a given amount to the quantity of heat required to raise the tempera- 
ture of an equal mass of water by the same amount. Thus, whatever symbols we 
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use to denote the measurement of a quantity of heat, when we form the ratio the 
symbols cancel and we are left with a pure number. We have, therefore, 
L*T [temperature] = L5T-4 
or [temperature] = L?T-2. 

The dimensions of temperature are thus those of a square of a velocity. This 
agrees, as it should, with the kinetic theory, for we can interpret this result in a 
similar manner to the way in which Lord Kelvin interpreted the result that force 
is represented by the fourth power of a velocity ($4). We use the kinetic theory 
and imagine an ideal gas as the thermometric substance. It can then be shown 
that the temperature is proportional to the mean-square velocity of the molecules. 
In particular, two different materials are at the same temperature if, when they 
are placed in thermal contact with the thermometric substance, the mean-square 
velocity of its molecules is the same in each case. 

Another way of showing this might be as follows:—Consider two masses 
M, and M, of fluid, having specific heats s, and s,, and let their temperatures 
be ¢, and t,. Now let them interact by placing them in contact. Let t, be the 
temperature after the interaction and s, the specific heat. In the ideal case, 
with no heat loss or chemical action, we write for the quantities of heat 

5,M,t, +5,Mot. =s,(M, + Mg)ts. 

Now let the masses interact in another way. Let their respective velocities 
be v, and vg, and let them collide, remaining together after the collision and having 
a common velocity v3. In the ideal case, where no heat is produced, we write for 
the quantities of energy 

3M,v,? + $Myv,? = 3(M, + M,)v,". 

In the first case we have a heat equation; in the second, a mechanical equation. 
If we are to treat heat as a branch of mechanics, then it is clear from the similarity 
in form of the two equations, and the fact that specific heat is dimensionless, 


that 
[t]=[v]}° 
i.e. temperature must have the dimensions of a velocity squared. 
Following from these we find 
[thermal conductivity] = L*T 
[entropy] = 19 =: 

The dimensions obtained above for temperature using the classical definition 
of specific heat are consistent with the modern definition of specific heat as energy 
per gram per degree. ‘They can also be obtained by using the ideal gas equation 
(corresponding to Kelvin’s absolute dynamical scale) as a defining equation, 

provided that it is correctly expressed with reference to a specified quantity M of 


material, i.e. 


5 


pv=kMT, 


where the symbols have the usual meaning and k is a constant. . 
It may be valuable at this point to discuss the two kinds of dimensionless 
29-2 
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quantities. Firstly, there are those that are defined as ratios of the results of similar 
measurements. These, of course, do not alter in value with change of units. 
They include specific gravity, specific heat, specific inductive capacity (dielectric 
constant), and permeability. Then there are those that can be shown to be 
dimensionless factors like the gravitational constant and the mechanical equivalent. 
These arise if the measurement of a physical quantity is made using two different 
systems of units, only one of which is directly related to the units of length and 
time: in the case of G, the use of the arbitrary gram as well as a gravitational unit 
of mass (which is implied as soon as length and time units are specified): in the 
case of 7, the use of heat units and mechanical units for energy. When both 
systems are separately connected with the units of length and time, as in the case 
of the E.S. and E.M. systems, the constant factor is a power of ¢ and is not dimen- 
sionless. 

These latter dimensionless quantities are dimensionless on the dynamical 
theory. For example, when everything is measured in mechanical units, 7 is 
the ratio of two energies. When, however, we do not measure everything in 
mechanical units (and this is the usual case), then these quantities vary with the 
units adopted. 


$7. THE RATIO OF THE UNITSIOr Lhe EEE CEROS TARIC a OREN 
ELECTROMAGNETIC SYSTEM 


The E.S. and the E.M. systems are united by theory. The theory rests on 
the hypothesis that an electric current is physically equivalent to a uniformly 
moving stream of electrostatic charges. ‘This hypothesis has, of course, received 
adequate confirmation from direct experiment. ‘This enables us to define a 
physical quantity on the two systems, i.e. to specify two different methods of 
measurement and to assert that they are measures of the same physical quantity. 
Thus in the definition of equivalent measurements (§ 2), we require theory to 
help us to decide what should be “similar physical circumstances”’. Now, 
since measurements are symbolized by dimensions, equivalent measurements 
should be symbolized by equivalent dimensional formulae. But we have seen 
that all measurements can be represented by L and T raised to various powers, 
and further, we have found the time measurement equivalent to a length measure- 
ment, given by 

ber. 
We are, therefore, in a position to examine the equivalence, or otherwise, of 
different measurements. 

Let us take the convenient case of the measurement of the capacity of a con- 
denser. ‘This, as we know, can be performed merely by the use of a measuring 
scale on the E.S. system; on the E.M. system a clock is required in addition. 
Thus this particular example suggests immediately that there must be some 


equivalence between a length and a time measurement if they are to result finally 
in the same number, 


— 
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On the E.S. system the measurement is represented by L, and on the E.M. 
system it is represented by L-!T?. 

Now we can obtain this latter formula by multiplying the former by L2/L? 
and substituting the equivalent time measurements, 

L2 
Cea. B =CL1T2, 

This shows that the E.S. measurement (L) is equivalent to the E.M. measure- 
ment (L*T?), provided that this measurement includes the multiplier c?. Thus, 
if we multiply the number derived from E.M. measurement by c?, we shall get the 
same number as we should derive from E.S. measurement. Let these numbers 


be Cy.and Cys, respectively, then, if the experiment is made, we shall expect to 
find Cymc?=Cys, 


Cc 
or Je) =c=3 x 10" cm./sec. 
EM. 


As is well known, this is fully borne out by experiment, and provides, there- 
fore, evidence for the correctness of the theory which led to it, viz., that a stream 
of uniformly moving electric charges is physically equivalent to (indistinguishable 
by any measurement from) an electric current. 


§8. A DARK -ROOM EXPERIMENT 

Let us imagine the determination of the ratio of the capacity of a condenser 
on the E.S. and E.M. systems to be performed ina dark room. The galvanometer 
must be a pointer instrument arranged so that the position of the pointer on the 
scale could be felt, and all scale divisions deeply engraved so that they could be 
counted by touch. The clock might be a metronome. As the experiment is 
only a rough one, the observer might be allowed to ignore the logarithmic 
decrement. After a period of practice, the observer produces the result 
(35 10cm. /sec:)?. 

Now, whatever may have happened in the dark room during the interval 
necessary for the production of the result, it seems clear that, as all light has been 
carefully excluded, and as no measurement of any velocity of any radiation has 
been made, it would require considerable temerity to assert that what has been 
measured is the velocity of light. From the point of view here adopted, it would 
seem much more likely to represent the ‘‘ rate of exchange ”’ between two sets of 
conventional operations for putting numbers into nature. 


§9. THE MASS-ENERGY AND MASS-MOMENTUM RELATIONSHIPS 


Continuing with the viewpoint that 
i bpei(o bh 
is an equation expressing the fundamental dimensional equivalence, we can 
pursue further the question of equivalent physical measurements. Consider the 


dimensions of energy, 
jenerey|—= Lie. 


430 G. Burniston Brown 


By substituting from the fundamental equation we can write 


[energyJ=c*L?T~ 
or [energy] =c? [mass]. 

Thus an energy measurement and a mass measurement are equivalent if the 
number found in the latter case is multiplied by c®. Or, in other words, if in 
some physical interaction we find that the mass decreases and the energy 1n- 
creases, this is the relation which the numbers produced by the respective measure- 
ments should bear to one another. This relation has, of course, been predicted 
theoretically and verified experimentally. 

In a similar way we get 


[momentum] = c [mass] 


with a corresponding interpretation. 
Since mass and electric charge have the same dimensions, it is clear that we 
also have the equation 
[energy|=c? [electric charge]. 


Thus if an interaction should be observed in which a measurement of electric 
charge is possible before the interaction, and afterwards less charge or no charge 
manifests itself, we should expect to find an increase in energy equal to the 
number representing the decrease in charge multiplied by c?. Or equally, if 
the charge-loss and energy-gain did not balance we might expect an increase in 
mass. It is important, however, not to fall into the old error of thinking that the 
study of dimensions can perform what is really the province of that creative 
thought which produces what we call physical theories. Dimensional analysis 
in the past has been used to check equations of physical terms: if the treatment 
in this paper is valid, dimensional analysis also allows us to check physical theories. 
For if it is not possible to transform the dimensions of one physical quantity 
into the dimensions of another physical quantity by means of the fundamental 
equation of equivalence L=cT’,, then the respective measurements cannot be 
equivalent, and consequently the numbers produced will not be the same. Thus 
the theory which leads to the view that one of the physical quantities can ‘“‘ turn 
into”? the other cannot receive verification. Mass may “turn into” energy 
but not into angular momentum or action. | 

In this connection it is of interest to note that all physical quantities to which 
conservation laws apply in ideal cases are measured by equivalent processes : 


Quantity Dimensions Parevalsis 

dimensions 
Energy L>T-4 cL 
Momentum : Une AY, 
Mass, charge (E.S.) and entropy eal cle 
Charge (E.M.) 1d De Glu, 


we See ee eee 
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§10. CONCLUSION 

The treatment of the theory of dimensions advocated above results in a great 
simplification in the usual expressions for the dimensions of physical quantities. 
Instead of five different symbols, only two are required, L and 'T, and these 
represent the only dzrect measuring operations which are available to us for intro- 
ducing numbers into nature by means of pointer readings. Fractional indices 
disappear and the indices required do not exceed six, including zero. Another 
use for dimensional analysis follows from the new approach, for it can be used 
as a check upon theory where it concerns the possibility of one physical quantity 
‘turning into’ another, and the equivalence of measures of the same physical 
quantity on different systems. 

The importance of calling ¢ the constant of interaction has been stressed. 
The word velocity is better reserved for all cases in which something observable 
moves. In the case of light and ‘“‘ electromagnetic radiations ’’ generally, nothing 
has ever been observed moving. ‘Thus it may be better to regard light, not as 
something which travels through space from the luminous object to the eye, 
either particle or wave, but as that part of the continual interaction across space 
which affects the organ of sight. In the case of other continual interactions across 
space, such as that of the moon and the tides, we have learned to do without the 
unnecessary hypothesis of something travelling through space. ‘The reason 
why the ‘‘ velocity of light ’’ plays such an important part in modern physics is 
that it is not the velocity of anything. ‘The ‘‘ waves of light’ are a purely con- 
ceptual device for explaining, predicting and calculating various effects of inter- 
action. As atomic particles are never observed, but only inferred from interaction, 
it should not cause any surprise that a wave theory which has proved useful for 
describing one form of interaction should prove useful for describing other forms. 
Thus light waves and mass waves are only conceptual devices for dealing with 
interaction, which is what is measured. 

The fact that exact science deals with pointer readings, and that these may be 
reduced to those of length and time only, explains how it is that the world of exact 
physics can be reduced to nothing but the properties of a space-time continuum. 
Everything in nature that cannot be symbolized by a number introduced by these 
two arbitrary conventions is left out. 
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ABSTRACT. As a basis for the discussion of the dimensions of physical quantities, 
the three usual quantities (length, time and mass) are taken as indefinables and the 
mechanical quantities are defined in terms of these. The dimensions follow directly 
from the definition of a quantity and indicate the type of measurements that have to be 
made to determine the magnitude of those quantities. It is shown that a further in- 
definable is necessary for defining electrical and magnetic quantities, and reasons are 
given for choosing electric charge for this purpose. It is pointed out that when the di- 
electric constant and the permeability are equated to unity for a vacuum it amounts to 
using these two quantities as indefinables, which, although in some cases convenient 
from practical considerations, is not necessary. 

For defining thermodynamical quantities, only the three indefinables, mass, length 
and time, are used. The introduction of Boltzmann’s constant, as a numerical scale 
factor, is not necessary, but gives a more convenient unit of temperature. ‘The sig- 
nificance of the introduction of such scale factors is also discussed from a more general 
point of view. ‘ 

Finally, it is shown that three indefinables are not necessary for measuring the magni- 
tude of mechanical, and hence thermodynamical quantities, and that these can be quite 
adequately defined in terms of length and time only, while electrical and magnetic 
quantities are measured in terms of length, time and charge. 


§1. INTRODUCTION 

HE subject of this paper has been discussed by a large number of writers 

| both in letters and longer articles and, in referring to the various opinions 
that have been expressed, it will not be convenient to give all the references 

but, at the outset, to mention three classical contributions by Rticker (1888/90), 
Maxwell (1904) and ‘Tolman (1917) as having considerably assisted in clarifying 
the subject. However, many difficulties still remain, especially in the subject 
of electricity and magnetism. It seems that the difficulty and disagreement 
over the subject of dimensions are partly due to the lack of a clear statement of the 
meaning of the terms used, and of the assumptions that have been made. There- 


fore a brief account will be given now of the assumptions that are to be made in 
this paper. 
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Firstly, the axioms and simple results of mathematics will be assumed. These 
are discussed by Russell (1903) and Tolman (1917), and we shall not retrace the 
ground here. ‘Two terms ‘“ magnitude” and “ physical quantity ” are par- 
ticularly important for our discussion. Following Russell and Tolman, “ magni- 
tude ” is taken as undefined, it being assumed there is general agreement on the 
meaning conveyed by such a term, and “ quantities are to be regarded as magni- 
tudes which have been particularized by the specification of spatial and temporal 
conditions” (Tolman, 1917). Later we shall have to discuss the meaning of 
further terms such as the ‘“‘ dimensions ” and “ nature ”’ of a physical quantity, 
but we shall proceed now to consider the meaning of the measurement of the 
magnitude of physical quantities and the processes involved. To make such 
measurements it is necessary to have certain undefined quantities in terms of 
which other quantities can be measured. The quantities that can be taken as 
indefinables are arbitrary but, in practice, certain quantities are found to be 
more suitable than others 

Tolman has dealt with this problem at some length and has given reasons 
for the suitability and sufficiency of the three indefinables, mass, length and time, 
for the measurement of the mechanical properties of matter. When we turn to 
other branches of physics, and as physical knowledge increases, it is possible 
that phenomena may be encountered which will require further indefinables 
for their complete specification. On the other hand, it is possible, and in many 
ways desirable, that as our knowledge increases the integration of physics will 
become more complete and a smaller number of indefinables will suffice, and it 
may be hoped that ultimately only one such indefinable will be necessary. 

To begin with, then, let us take mass, length and time as our indefinables 
and consider whether it is necessary in our present state of knowledge to add 
further indefinables for the complete expression of physical phenomena; towards 
the end of the paper the possibility of reducing the number will be considered. 


§2. INDEFINABLE QUANTITIES AND METHOD OF MEASUREMENT 


Before being able to determine the magnitude of a physical quantity, a state- 
ment has to be made concerning the magnitude of the indefinables, and the con- 
ventions to be adopted for making comparisons with them. Such a statement 
will, in effect, describe the procedure to be adopted for the measurement of a mass, 
a length, or a time. 

Standard of length. Two points A and B are marked on a plane surface. 
A straight line is drawn between A and B and the line is taken as our unit of length. 
Let us call this unit of length the metre; that is, the line has a length of 1 metre, 

or the distance between the two points is 1 metre. The convention for comparing 
other lengths with this standard is as follows :—If a body, whose length is to be 
compared with the standard length, is placed so that one end coincides with the 
mark A on the standard, and it is found that the other end coincides with mark B, 
then the body is said to have a length equal to that of the standard, that is, it has 
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a length of 1 metre. It is to be noted that this is the length in a certain direction 
in the body, namely, the direction of the straight line joining the two points in the 
body which are coincident respectively with A and B. By further application 
of the method of coincidences, lengths of 2, 3, 4,... metres can be measured. 
Also, dividing the standard into a number of equal lengths, by a similar method, 
lengths can be measured to a fraction of the standard. 

Standard of time. ‘The unit of time can be taken as a complete rotation of 
the earth on its axis relative to the fixed stars, that is, a sidereal day—and can then, 
with the help of the pendulum, be subdivided into a smaller unit, the second. 
Times are then measured by counting beats of a pendulum or by some equivalent 
method. 

Standard of mass. A certain piece of material is taken and this is said to have 
unit mass, which we shall call the kilogramme. The convention for measuring 
the mass of a body is not so straightforward as that for measuring length or time. 
Most conventions make direct or indirect use of the concept of force. But 
if we are to adhere to three indefinables, then force can be defined only after 
laying down the conventions for measuring mass, length and time. In theory 
a simple convention would be as follows. If a body produces an acceleration 
on a second body x times that produccd by the standard when placed the same 
distance away from the second body, it is said to have a mass 7 times that of the 
standard. In practice such a measurement is difficult and the procedure has been 
to make certain assumptions, such as Newton’s laws of motion, which involve 
the concept of a force and then to describe a method for the measurement of mass 
(Filon, 1926-7, and 1938; Pendse, 1937, 1939 and 1940). 

§3. SIGNIFICANCE OF DIMENSIONS * 

We are now in a position to measure other physical quantities in terms of 
these three indefinables. The type of measurement that we make for the de- 
termination of the magnitude of a particular quantity will be decided by the 
definition of that quantity. For example, speed is defined as the rate of change 
of position. ‘To measure the speed of a body then involves two experimental 
operations, namely, a comparison of a length with the standard length and a 
comparison of a time with the standard time, and the mathematical operation 
of division. Again, to measure a momentum we have to measure a mass, a length 
and atime. ‘The results of the mass and length measurements are multiplied 
together and the product is divided by the result of the time measurement. 

The symbols [L], [T'], [M] will be used to represent the operations of com- 
parison with the standard of length, time and mass respectively. Mathematical 
operations will be represented by the usual symbols. ‘Thus the operations 
involved in measuring the magnitude of the speed of a body are represented by 
[LCT] or [LT] 4 

* See Brown (1940) for a discussion of this point. 


{ This notation does not differentiate between scalars and vectors, velocity also being repre- 
sented by [LT]; but it will be assumed that when the term “‘ dimensions of a quantity ”’ is used 
in the strict sense it will include information concerning the scalar or vector nature of that quantity. 
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Similarly, the operations for measuring the magnitude of the momentum are 
represented by [MLT™*], and so on for all the quantities associated with the 
mechanical properties of matter. 

Such a group of symbols is said to represent the dimensions of the quantity 
measured; or, in other words, the dimensions of a quantity denote the type of 
measurements that have to be made in order to determine the magnitude of the 
particular quantity concerned. It is often assumed that the dimensions indicate 
the physical nature of a quantity. If this is so, then it means that the physical 
nature of a quantity is determined by the type of measurements made on it, 
where measurement is meant to include not only the operations of comparison 
with the indefinables, but also any necessary mathematical operations indicated 
by the dimensional expression. Or, to stress again the close relationship between 
the definition and the dimensions of a quantity, the nature of a quantity is already 
specified by the definition of it. Hence the phrases nature of mass, nature of 
length, nature of time have no physical meaning as these quantities have not been 
defined, and the nature of a quantity which is defined is determined by that 
definition; for example, the nature of momentum means nothing more than is 
contained in the definition, stated in simple terms, mass times velocity. Therefore 
if there is doubt concerning the dimensions of a quantity this means, not that there 
is some hidden mystery as to the complete nature of that quantity, but merely that 
the quantity concerned has not been unambiguously defined. ‘This will become 
more clear in the following discussion of electrical and magnetic quantities. 


§4. ELECTRICAL AND MAGNETIC QUANTITIES #* 

Let us now consider whether electrical and magnetic phenomena require 
further indefinables for their specification. We shall not delay here to describe 
all the elementary experiments which give meaning to such terms as electrified 
body and magnetized body, but shall proceed to express in mathematical terms the 
results of these experiments and to define a number of suitable quantities. 

Firstly, we shall consider the results of the experiment which shows that there 
is a force of attraction, or repulsion, between two electrified bodies. It will be 
assumed that the two bodies are small and are at a distance large compared with 
their size. Experiment shows that the force between two electrified bodies is 
inversely proportional to the square of the distance between them, that is, 


1 

Fa = 

7? 

Qa 

or E ea: 


where a is independent of 7. In all practical cases this force is so much greater 
than the gravitational force that the latter may be neglected. 
Further information can be gained about u. It is found to be independent 


- * Cf. a series of letters (Nature, Lond., 139, 45, 473, 676 and 844), and a recent Physical Society 
discussion (Brown, 1940). 
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of the masses of the two bodies, but dependent on the medium in which the bodies 
are embedded and on the electrification of the two bodies. This latter phrase 
will now be given more precise statement. 

Consider three small electrified bodies A, B and C. B and C are separately 
placed at a distance d, large compared with their size, from A and the separate 
forces measured; then B and C are placed together at the same distance d from A. 
It will then be found that the force on A is equal to the sum or difference of the 
two forces exerted separately by B and C—the sum when B and C repel one 
another, and the difference when they attract. Again it can be shown, in a 
similar manner, that the force on A is dependent also on the electrification of A. 
Hence the expression for the force between two bodies A and B can be more 
definitely expressed as 


where gy, is a quantity, called the charge, associated with body A, gy is a similar 
quantity associated with body B and « is a quantity, called the dielectric constant, 
associated with the medium. 

It must be noted that qa, gy, and « are symbols introduced to represent certain 
properties of the bodies and the medium, but as yet not given precise definition. 
As qa and gp are the same type of quantity, then in equation (1) there are two new 
quantities g and x which require to be defined. Until they are defined their 
dimensions cannot be stated. Here a difficulty arises. ‘There are two quantities 
to be defined, but only one equation for the purpose. Before considering the 
implications of this let us, by way of introduction, consider two methods that have 
been adopted by many physicists for dealing with such quantities. Firstly, 
there are those who state that « is a pure number (Brown, 1940), which for con- 
venience is equated to unity for a vacuum, and then the product of two equal 
charges is defined as the product of the force between them 7m vacuo and the square 
of their distance apart, 

ier ¢=|(Fri=(MErT |; 
; C= |W 
The appearance of non-integral powers in the dimensions is disconcerting as 
they have no physical meaning. It may be suggested that M, L, and T are not 
convenient quantities in terms of which to express electrical quantities, but it 
will be shown later that there is a more fundamental reason for the difficulty. 
A second approach to the problem is to admit that « has dimensions which 
at the present cannot be determined, and q is then expressed as 
q= [M1132 Ty 12], 
the suggestion being that « may have dimensions such that the non-integral 
powers of M and L would disappear (Starling, 1929). 
It will now be shown that, in effect, these two approaches amount to very 
much the same thing. In the first case « is conveniently equated to unity for 


The dimensions of physical quantities 437 


a vacuum which, as Rticker (1888-90) pointed out, makes it easy to forget its 
dimensions, and then the square of the charge is put numerically equal to the value 
of the force multiplied by the value of the square of the distance. Furthermore, 
equating « to unity for a vacuum does not define «,* nor does the more general state- 
ment that « isa pure number. In physics any quantity which is a pure number 
represents either the process of counting or the ratio of two quantities which have 
the same dimensions. One might define « for a medium as the ratio of the force 
between two charges 7m vacuo to the force between them in the medium, but, in 
effect, this only defines the ratio of the dielectric constant for the medium to that 
for a vacuum. 

In the second method there is ambiguity concerning the dimensions of both 
« and g, which means that they have not been defined unambiguously. In fact, 
neither can be measured until their dimensions are known, as it is not known 
what type of measurements to make. This, at first sight, seems unreasonable, 
for it may be contended that g can be measured, but in actual fact it is only the 
product, gx", which is defined—or rather, as will be seen later, the product 
q’x_‘—and this has the dimensions[M1?L3/?T—], which amounts to much the same 
as the first approach. Riicker (1888-90) suggested that « could be treated as 
an indefinable,* but in all these cases the problem of the non-integral powers 
of the dimensions remains. 

Tolman (1917) has pointed out that the non-integral powers would disappear 
if the charge g were regarded as an indefinable but gave no reasons for introducing 
a fourth indefinable other than those given by Riicker, which do not strike at the 
root of the problem, and we shall here take the problem a step further. 


§5. INTRODUCTION OF CHARGE AS A FOURTH INDEFINABLE 

The equation for the force between two electrified bodies contains two quan- 
tities g and x which require definition. With only one equation available it is 
not possible to define both. Moreover, there is no relation known at the present 
time which involves only one electrical or magnetic quantity; this means, then, 
that in order to define electrical quantities, one of them must be taken as an 
indefinable, that is, other electrical and magnetic quantities will be defined in 
terms of this fourth indefinable together with M, Land 'T. ‘The question arises 
as to the most convenient electrical quantity to take as an indefinable. 

Firstly, let us consider the possibility of the dielectric constant x. q?—not q, 
let it be noted—can now be measured as the product of a force, the square of 
a distance and a dielectric constant, but this does not give us a measure of g. 
In fact, whether x be regarded as dimensionless, expressible entirely in terms 
of M, L and T, or indefinable, it is not possible to measure the magnitude of a 
single electric charge in terms of M, L and T or of M, L, Tandx. ‘Take as an 
illustration the following definition of the electrostatic unit of charge. “ Unit 
charge is that charge which repels a similar equal charge with a force of 1 dyne 
when placed a distance of 1 cm. apart im vacuo.” 

* Cf, a further discussion on this in § 8, 
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Now this is not what it purports to be, namely, the definition of unit charge, 
but the definition of the product of two unit charges. In other words, one is 
defined in terms of the other, and not solely in terms of M, L, T(and«). Further, 
all other electrical quantities whose dimensions in terms of M, L, T (and x) 
contain non-integral powers are defined in terms of a single charge (or its equi- 
valent) as well as in terms of M, L, T (and «). » For example, potential is defined 
as work per unit charge. On the other hand, resistance, which does not contain 
any non-integral powers in its dimensions, is defined in terms of the square of a 
charge—more explicitly, work per unit charge divided by charge per unit time. 
Hence, as we cannot measure the magnitude of a single electric charge in terms 
of M, L, T (and x) alone, and as certain electrical quantities are defined in terms 
of a single electric charge, then the indications are that a further indefinable is 
necessary for the complete determination of electrical (and magnetic) quantities. 
The foregoing discussion shows that « is not a suitable quantity for this purpose 
and indicates charge as the obvious choice. 

Standard charge. 'The standard charge is now to be placed on the same 
footing as the standard length, time and mass. ‘The natural unit to take would 
be the charge carried by the proton (or the electron). The convention for com- 
paring a charge with the standard would be as follows: a body would have a 
charge n times that of the proton if it repelled (or attracted) a third charge with 
n times that force which the proton exerted on it when placed at the same distance 
from it 7m vacuo. 


§6. DEFINITION OF ELECTRICAL QUANTITIES 
We are now in a position to define the electrical quantities in terms of M, L, 
and: Q: 
Dielectric constant is defined with the help of equation (1), which may be 
written 
Gain 
k= ee. i ee (2) 
or in words, « is defined in terms of the product of two charges divided by the 
product of a force and the square of a distance. Its dimensions are 
«=([M1LT?2Q?]. 


Examples of the dimensions of other electrical quantities are 


Current t=dqidi=[TSQlh oh oe eee (322) 
Potential, .V =dW/dg=([ML?7T2Q|—. — (ele: (333) 
Resistance’ R= .Vije=[(ML2E4@O-]. 9 Fs eee (3.4) 
Capacity “Ca9/V =(M=L-*17O2|4) 9) ee (3.5) 


Care must be taken here to distinguish between the two different quantities 
which are often loosely both termed the capacity of a condenser. Firstly, there 
is the quantity, which we shall represent by C’—sometimes referred to as the 
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geometrical capacity of a condenser—whose magnitude is determined by 
measuring the geometrical dimensions of the condenser and this has the dimen- 
sions [lL]. Secondly, there is the quantity which we shall denote by C and call 
the capacity. This is defined by equation (3.5) and it has the dimensions 
[M“L*'T"Q?]. The difference between these two quantities is that C takes 
into account the presence of the medium and C’ does not. Both are useful 
quantities, but it must be realized that they are different, and confusion of the 
two will lead to error. C’ refers only to the condenser, whereas C refers to the 
condenser and the medium. ‘The relation between them is given by 


C=C’. 


§7. ELECTROMAGNETIC AND MAGNETIC QUANTITIES 

We now proceed to define electromagnetic and magnetic quantities. Usually, 
magnetic quantities are defined in terms of a magnetic pole and then the electric 
and magnetic quantities are related by means of a constant. It is not necessary 
to introduce a further indefinable, as these quantities can be defined entirely 
in terms of M, L, T and Q. It must be noted that no attempt will be made to 
give the most rigid general definitions, as the aim is to concentrate on the dimen- 
sions of the quantities concerned. For this purpose simple definitions will be 
used deliberately. 

Permeability. (et us take two small conductors of lengths ds, and ds, placed 
so that they are perpendicular to the line, of length 7, joining them. If currents 
i, and 1, respectively are passing through them, then the force between the two 
conductors is dependent on z,, z,, ds, ds,, y and the medium in which they are 
embedded. Fora given medium and constant currents we have that 

Foe abso 
po 
As it has not been found possible to introduce a quantity into the equation which 
will represent the medium and have a definite value for each medium, the following 
procedure is adopted. It is found that in vacuo the force is proportional to the 
product of z, and 7,, so that we can write for a vacuum 
Fe Ugly ydsy 
ya. 
or pe a ese) 
where pz is a constant. 

Equation (4) is now used for the more general case of any medium, p being 
not a constant for a given medium but dependent on i, and z,. However, if 
i, and 7, are kept constant, 2 varies from medium to medium and is termed the 
permeability of the medium, being defined by equation (4), which can be re- 
written thus :— 

Er 
No ighpdsdsSy 
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Therefore the dimensions of yw are 
p=[MLQ™]. 
Magnetic induction. Consider the force, due either to an electric current 
or a magnet, on a small conductor of length ds carrying a current di placed at a 
point P, where di is so small that it does not affect the existing field. It is then 


found that 
Fedids, 


or P= Bards: 
If the direction of the current element is such that the force on it is a maximum, 
then B, thus defined, is called the magnetic induction and has the same direction 
as the force. Its dimensions are 

B=|MV OF) 

Magnetic field. 'The magnetic field, H, at a point is defined by the expression 
H=Blp, 

where B is the magnetic induction at that point embedded in a medium of per- 
meability ». The dimensions of H are thus 

H=ICSATHOl 

Magnetic moment. We shall take for granted the results of the elementary 

experiments on the properties of magnets, the location of poles and the definition 
of the axis of a magnet. Let us consider the effect of a complete plane circuit 
of small area A carrying a currentz, ona small conductor 6 of length ds, carrying 
a small current dz, at a distance large compared with the size of the circuit. For 
a given medium it is found that the effect of the circuit on the small conductor 
is the same as that produced by replacing the circuit by an appropriate magnet 
of small length with its axis perpendicular to the plane of the circuit. For a 
given orientation of the circuit and conductor, and for constant dz, and ds, it is 
found that the force on d is given by 

Fi, = iA, © 90 8 (oe Sere (5) 
where f is a quantity depending only on dz, and on the geometry and orientation 
of the system, and is used for convenience rather than inserting the various 
quantities each time. . However, it is found that the force due to the magnet 
on the conductor is independent of « and depends only on £ and the strength 
of the magnet. Let us introduce a quantity o to represent the strength of the 
magnet so that the force on the conductor is given by 


ee (6) 
Thus o, which we call the magnetic moment of the magnet, is defined by equation (6), 


where the value and dimensions of 6 can be obtained from equation (5); or, 
alternatively, if the magnet is of such a strength as to produce the same force as 
the circuit on the conductor, then we have 

G=MtA. . | 9 a eee Zz 
o thus has the dimensions ”) 


o=[ML?T1Q44], 
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Pole strength. If lis the distance between the two poles of a magnet, then we 

define a quantity m called the pole-strength of the magnet by 
m=a/l, 
the dimensions being 
m=(ML?T7Q-4]; 

Force between two magnets. ‘Yo complete our discussion, let us enquire 
how the force between two magnets depends on». The force between a magnet 
and a small circuit carrying a current 7 is independent of z and is given by 


F=yot, 
where y involves only the geometry and orientation of the system. Now we see 


from equation (7) and the preceding discussion that the circuit can be replaced 
by a second magnet with a magnetic moment given by 


o=piA; 

ph ek? 

rye 

or ee 
pe 


Thus the force between two magnets is inversely proportional to p. 

In the foregoing we have given one method of defining the various electrical 
and magnetic quantities. As was emphasized earlier, the definitions are not 
rigid and omit many important considerations, but our concern has been to set 
up a consistent and unambiguous set of definitions which will reveal at each 


point the dimensions of the quantity concerned. 


§8. SOME REMARKS ON « AND zp 
Before leaving this question of the dimensions of electrical and magnetic 
quantities there is one further point to which some attention should be paid. 
From time to time the claim is made that both « and p are dimensionless (Brown, 
1940). Although we have already dealt with the claim that « is dimensionless, 
it is worth while considering this further statement that both « and p are dimension- 
less, as it involves one or two interesting points. Let us consider the two ex- 


pressions 
_ 1a%8 
Seine att oP el Eps ae (8) 
i,ipds,ds 
and F=p Se OO da pt Gee ee (9) 


If « and p are dimensionless, then the right-hand sides of equations (8) and (9) 
differ in dimensions by the square of a velocity. Therefore it is not possible for 
both « and p to be dimensionless im the same system, unless a further quantity 
with the dimensions of the square of a velocity be introduced in the denominator 
of equation (8), or in the numerator of equation (9); alternatively a constant ¢, 
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may be inserted in the denominator of equation (8) and a constant c, in the numer- 
ator of equation (9), where c, and c, have any dimensions so long as their product 
has the dimensions of the square of a velocity. ‘The introduction of such constants 
is artificial and unnecessary. Moreover, those who claim that « and wz have no 
dimensions do not really treat them as dimensionless quantities but as zndefinables. 
In effect the treatment is as follows :— 

Take « as an indefinable and let it have the value unity fora vacuum. Then 
the convention for measuring « for any other material is to measure the ratio 
of the force between two charges at a given distance apart zn vacuo to the force 
between them when placed the same distance apart in the material. Or, 
alternatively, it may be measured by measuring the ratio of the capacities of a 
condenser with and without the material between the plates. 

In a similar manner p is taken as an indefinable. 

In any case, whatever interpretation is given to the procedure of equating 
« and p, to unity for a vacuum, we have shown above that charge is required as an 
indefinable and then the dimensions of « and wu become definite. _ 


$9. MAGNITUDE OF ELECTRICAL AND MAGNETIC QUANTITIES 


So far we have taken the minimum number of indefinables convenient for 
our purpose and defined the various quantities in terms of these without regard 
to the magnitude of their units. When we consider this, difficulties and con- 
fusion are liable to arise. The units commonly used for various quantities have 
been chosen, not so much according to a logical scheme as for convenience. Asa 
result more standards are introduced than is necessary. Let us consider, as an 
example, the method used for measuring the magnitude of a resistance. According 
to equation (3.4), an operation of the type [ML?T-1Q~] has to be performed 
in order to make this measurement. However, in practice, a system of units 
is often adopted which takes as a standard unit resistance a certain quantity of 
mercury in a certain condition, and in order to measure our resistance the only 
operation necessary 1s a comparison with the standard. In other words, resistance 
instead of charge has been taken as an indefinable in this particular case. This 
is not a very convenient procedure, as the dimensions of a quantity will depend 
on the particular system of units adopted. In order to overcome this difficulty 
we will adopt the convention that the measurement of resistance involves not 
only the comparison with the standard resistance, but also the measurement 
of this standard in terms of M, L, 'T, andQ. (This is not a convention as to the 
meaning of dimensions, let it be noted, but a convention about these secondary 
standards.) ‘The dimensions of a quantity would then be independent of the 
particular system of units, and any factors used for converting from one system 
of units to another would be merely scale factors with no dimensions. For 
example, there are two other systems of units in common use, namely, the electro- 
static and the electromagnetic systems of units, and often there appear in an 
equation quantities some of which are expressed in e.s.u. and some in em, uy 
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In such a case there also appears in the equation a numerical factor to take account 
of this. From the foregoing we see that this is merely a numerical factor and has 
no dimensions. For instance, in Maxwell’s equation 


aE 9x 1020 
eicrtiae 2 
DP free a Vanes 


we have to introduce a factor 9 x 102° as both p and « are given the value unity 
for a vacuum. In other words, pis in e.m.u. and « is in e.s.u. If, however, the 
same units were adhered to throughout, then the factor 9 x 102° would disappear. 
This problem arises again when we come to consider the introduction of Boltz- 
mann’s constant into thermodynamical quantities and will be discussed in further 
detail there. 


§10. THERMODYNAMICAL QUANTITIES 

When we come to thermodynamical quantities we have to consider whether 
it is necessary to introduce a further indefinable. . Riicker was almost convinced 
that it was not necessary but, because of some doubt, proposed introducing 
temperature as an indefinable (not his word), and as an indication of his uncertainty 
he called it asecondary fundamental unit. ‘Tolman accepted Riicker’s assumption 
that a thermodynamic indefinable is necessary but preferred it to be entropy 
rather than temperature. 

Now from the purely physical point of view there need be no limit to the 
number of indefinables used, but, because the multiplication of the number of 
such quantities hinders the co-ordination and simplification of physics, we 
attempt to reduce the number toa minimum. ‘Therefore our aim here is to see 
whether the subject of thermodynamics requires the introduction of any further 
indefinables. 

Let us examine the problem firstly from simple considerations of the kinetic 
theory of gases and then from a more general point of view which will take into 
account the presence of radiation. Simple gas-kinetic calculations give for the 
pressure on the walls of a vessel containing a gas 


eat! BB 


where my is the number of molecules, of mass m, per unit volume and c? is the mean 
square of the velocities. If is the total number of molecules in a vessel of volume 


wv then 


nh ae 
p=t 5c, 
or pv =3n. dmc, 
or Doi RITE la oie ic ell eee. we ates (10) 


where F£ is the mean kinetic energy of the molecules. ‘That is, it is the mean value 
of the kinetic energy of a large number of molecules, it being impossible to measure 


the kinetic energy of the individual molecules. £ is an important quantity in 
the kinet B) aoe 
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thermodynamics and is usually designated by a separate symbol and given a 
separate name. Let us define a quantity 9, called the temperature of the gas, 
by the equation 


O28 eu ee (11) 
The dimensions of 6 follow immediately from this definition and are 
G=(NiLg Deel 


that is, it has the dimensions of energy, which is to be expected, as it was made 
equal to the mean kinetic energy multiplied by the trivial numerical factor 2/3. 
Entropy, 5S, is defined in the usual manner by the equation 


dS=dh. (12) 


and is a pure number, as can be seen from equation (11). The dimensions of 
other thermodynamical quantities are given in the table. 

Hitherto we have restricted ourselves by using the kinetic theory as our starting 
point. Let us turn now to the method of statistics. Without attempting to 
discuss the subject of statistical mechanics, we shall make use of some of its 
results on which to base a more general set of definitions. Let us consider an 
assembly of entities (particles or quanta) with a given total energy. Of the variety 
of possible distributions in phase space, one distribution will have a maximum 
probability W. ‘This quantity W is a pure number, being the ratio of the number 
of different ways in which the ‘“‘ maximum distribution ”’ can be arranged to the 
total number of possible arrangements of the assembly. A quantity, S, which 
we shall call the entropy of the assembly, is defined now by the equation 


S=log,W. 


This again defines entropy as a pure number. ‘Temperature is then defined 
from equation (12) as the ratio of the energy taken in by a system to its change in 
entropy. We thus have the same dimensions for thermodynamical quantities 
as in our previous set of definitions. 


§11. MAGNITUDE OF THERMODYNAMICAL QUANTITIES 
‘Turn now to a consideration of the magnitude of the units of quantities defined 
above. ‘This has, so far, been purposely avoided. Our main concern has been 
to give unambiguous definitions of thermodynamical quantities, leaving till later 
the introduction of a scale factor to bring the magnitude of the quantities to a more 
convenient size. Such factors can be divided into two classes : 


* Porter in his book The Method of Dimensions takes the equation pu=R6 to refer to unit mass. 
Tt can then be written pv =mR9, where v is the volume of a mass m of the gas. He states that R 
is a numeric and deduces the dimensions of temperature to be {L?T—?]. There is no reason for 
this, especially as R, defined in this way, is a property of the particular gas in question. Even if 
the equation refers to a gm.-molecule, in which case R is a universal constant and m refers to a gm 
molecule of the gas, it must be realized that in actual fact the quantity, gm.-molecule, has a 


dimensions, but in reality represents a number—namely, a certain number of molecules—as can 
be seen more clearly from equation (10), sa 
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(a) A scale factor having a definite numerical value, such as various powers 
of ten for converting from one unit of length, e.g. the metre, to other units of 
length such as the centimetre, the kilometre, the angstrom or the XU; or again, 
a factor of ten to convert from the electromagnetic system of units to the practical 


system. Such scale factors have a definite value and their numerical value can 
always be inserted in an equation. 


(b) The second class of scale factors arises as follows :—Instead of taking a 
definite numerical factor, a value is taken so as to make the new unit a convenient 
value for a particular body or substance. ‘This type of scale factor has already 
been met in § 9 when the magnitudes of electrical and magnetic quantities were 
being discussed. We now wish to introduce a similar factor to set up a con- 
venient unit of temperature. 

According to the definitions of thermodynamical quantities given above, 
normal temperatures would be of the order of 10-14, so it would be convenient 
to decrease the magnitude of the unit of temperature by a factor of about this 
order. Let us introduce a scale factor with a value of 10-16 approximately and 
denote it by k. The actual value of 2 is adjusted so that the difference in tempera- 
ture between melting ice and steam at the boiling point is 100 units, the new unit 
being called the degree centigrade. Further, as a matter of convenience, the 
unit of entropy is increased by a factor 1/R. Equations (11), (12) and (13) become 


Rp=2 7, 
dS =dE/9, 
S=k log,W. 


In accordance with the convention laid down in § 9, the measurement of tempera- 
ture is meant to involve a comparison with the new unit together with a comparison 
of the new unit with the original unit of temperature. Thus k is treated as a 
numeric and has no dimensions. 

One possible criticism must be anticipated. It may be argued that in con- 
sidering electrical quantities care was taken to show that the dimensions of 
« and pz could not be suppressed, and yet here, although in the beginning the 
symbol k& has been omitted, it later appears as a scale factor with no dimensions. 
However, the introduction of « and » was necessary as the force between two 
charges (or currents) varied with the medium and quantities had to be introduced 
to allow for this change, whereas physically there is no need at all to introduce 
Rk into thermodynamics. It is used in order to avoid the trouble of dealing with 
temperatures of the order of 10-™. 

Throughout, it has been tacitly assumed that energy is measured in ergs. 
Here again a scale factor 1/7 is introduced, where ¥ has the approximate value 
4-2 % 10? and the new unit is called the calorie. The scale factor is adjusted so 
that the amount of energy required to raise 1 gm. of water Tec att ioeC sic.equal 
to one new unit, i.e. to 1 calorie. 
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The dimensions of the important thermodynamical quantities are collected 


together in the table below. 


Quantity 


Mechanical quantities 


Dimensions in 


terms of M, L, T, Q 


Dimensions in 


terms of L, T, Q 


Velocity ea =|) eae] 
Acceleration eae) (a2) 
Mass [M] hd Dee 
Momentum (NATE Ta Aline) 
Force [MLT~] ees 
Energy NE 2A ]) (era 
Electrical and magnetic quantities 
Dielectric constant [NT 22 ©) 2] IOP 
Current (itn: ©) iit @)| 
Potential IMT On| [ee Olmr| 
Resistance MOLE AO] Leet Om] 
Capacity (MISS Oe] ia On} 
Electric field [MIiEnk=2O=*] LAE SOE] 
Electric induction BE O)] Me -<c@)) 
Inductance [ML7Q-?] ASO Re] 
Permeability [MLO] (lee Oe 
Magnetic induction Vis One| [hee Or 
Magnetic field eatin @) i ab KO) 
Magnetic moment OU Os] (eS Ona 
Pole strength [MEAT Os") LEAS Ont 
Thermodynamical quantities 
Temperature [ML?T-?] [eet 
Quantity of heat PVE Ay ME Be 
Entropy [0] [0] 
Thermaliconductivity ) [lth ss] [ee 
Specific heat [M-1] (all 


§12. DEFINITION OF MECHANICAL QUANTITIES IN TERMS 
OF TWO INDEFINABLES ONLY 

It was assumed at the beginning of this paper that three indefinables were 
necessary to describe the mechanical properties of matter. It will now be shown 
that these properties of matter can be adequately specified in terms of length 
and time only, and hence electrical and magnetic phenomena in terms of length, 
time and charge. This suggestion has been made from time to time, but has 
never gained general approval. 

Not all the experiments described in the following have been carried out in 
practice, but from our knowledge of the properties of matter the results given 
are those to be expected if the experiments were made. 

Consider the following set of experiments: 

(a) A body is fixed ata point A. A second body B at a distance r from A will 


. 
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experience an acceleration which will be found to be inversely proportional to 
the square of its distance from A. 


1 
1L€, Feo a 
or OE tise Ailsa Pet pwezet® (14) 


where m is independent of r. 
(b) Remove part of A and repeat the experiment. The constant m in equation 
(14) now changes its value, but it is not altered by removing part of B. Thus the 


quantity m is associated with some property of A, but not of B, so that we can 
re-write equation (14) as 


(c) Split A into two parts A, and A, and repeat experiment (a). The result 
obtained would show that 


Ma = My, +Mg,. 


This quantity m associated with body A we call the mass of A. It is defined in 
terms of f and 7 from equation (15) and will have the dimensions 


m= Le Ts" |; 


The unit thus defined is much too large for practical purposes and it will be 
convenient again here to introduce a scale factor. 

It cannot be said that the quantity defined by equation (15) is the same as 
the usual quantity called mass. In the one case mass is defined in terms of length 
and time, whereas in the other it is taken as an indefinable, and, if undefined, 
then it cannot be said to be the same as something which is defined. ‘Therefore 
the question of the identical nature of these two quantities does not arise. 

The force on a body is now defined as the product of the mass and the accelera- 
tion produced on the body, that is, 


ae ee (16) 


and so for other mechanical quantities. 

The force between two bodies of mass m, and my is then 

MMs, 
[= Sa 

Objections are raised to this definition of mass on the grounds that mass is 
of an entirely different nature from length and time (see, for instance, Jeans (1925)): 
As we have already stated, from the point of view of the physicist the nature 
of a quantity is determined solely by its definition. Here we have defined mass 
entirely in terms of length and time. and 

The suggestion that mass is of a different nature from length and time is 
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probably due in part to our experience of it, although in actual fact we are never 
conscious of mass, but of force together perhaps with the area over which it acts, 
but this does not necessarily mean pressure. However, the important point 
is that the impression of mass, by the intermediary of a force, is communicated 
to the body by muscular and other means entirely different from those of time 
and of length, which are chiefly visual. But the impression conveyed to the body 
must not be taken as a guide to the physical nature of a quantity. One only has 
to consider the variety of ways in which the body is sensitive to electromagnetic 
radiation as the wave-length varies, to see that the body is no reliable guide to 
the ‘‘ nature ” of a phenomenon. . 
Another criticism that is raised is that we have two expressions giving re- 
spectively the gravitational and the electrical force between two bodies, viz., 


Foe: one (17) 
if 
and eo (18) 


In the one case we express mass in terms of length and time only, yet we claim 
that with a similar relation holding in the electrical case charge cannot be so 
expressed. It need only be pointed out that, in our definition of mass, equation 
(17) was not used but is derived only as a result of our definition of mass from 
equation (15), and of force from equation (16). Equation (15) contains only one 
mass, whereas no corresponding expression can be found in the electrical case. 


§13. CONCLUDING REMARKS 


The results of this paper lead to the conclusion that the dimensions of a 
physical quantity depend on the definition of the quantity and the particular 
quantities which are taken as indefinables. ‘The choice of the latter is, to some 
extent, arbitrary and there can be no such thing as the absolute dimensions of 
a quantity, as some writers suggest (Starling, 1929). As we have said earlier, 
dimensions are merely an indication of the type of measurements that have to 
be made in order to determine the magnitude of a quantity in terms of the 
magnitude of certain other specified quantities. 
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§1. INTRODUCTION 

HE present interest in gravity meters arises from two somewhat widely 

separated considerations, one academic and the other essentially economic. 

The former springs from the lack of observations on the variation of 
gravity over large areas of the earth’s surface, particularly over the sea, and has 
led to efforts being directed to the design of equipment capable of measuring 
changes of gravity under the difficult conditions existing on board ship, or the 
somewhat quieter conditions in a submerged submarine. The latter considera- 
tion is due to the fact that certain mineral deposits, in particular oil, are associated 
with large rock structures having a density considerably different from the 
surrounding rocks. As a result, there is frequently a gravitational anomaly, 
sometimes attaining values as large as 30 to 40 milligal but, more usually, less 
than 10 milligal, at the surface above the deposits. The existence of these 
anomalies has been appreciated for the last 20 to 30 years, and observations of the 
anomalous gravity values have been made indirectly by means of the Edtvos 
torsion balance, which measures the magnitude of the horizontal gradient of 
gravity, and its direction. Obviously, from the gradient at a sufficient number 
of stations, the gravity changes can be computed by integration. Although 
this method has met with considerable success, particularly over small and 
relatively shallow structures, it has two serious disadvantages. The first is that 
the time taken to survey a given area is large: one measurement occupies about 
14 to 2 hrs. The second is due to the fact that the gravity gradient is greatly 
influenced by local topographical features, and although a correction can be 
applied for this, errors in its determination lead to uncertainties in the gravity 
values deduced from the observations. Although the modern gravity meter 
attempts to replace the torsion balance for certain problems, it is of interest to 
compare their relative sensitivities. The torsion balance operates because 
there is a gravity change over its beam system, which is usually of the order of 
40 cm. long, the gradient being calculated on the assumption that the change 
is uniform. A standard instrument will respond to a gradient of 10-® sec. 
(1 E6tvés unit), which corresponds to a change of 4. 10-5 milligal over the beam. 
As will be seen later, gravity meters under laboratory conditions have been able 


\ 
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to detect variations of the order of 10-2 to 10-3 milligal, while a field instrument 
capable of measuring to the nearest 0-1 milligal would be regarded as satisfactory. 

It is more useful to compare the accuracy of modern instruments with the . 
accuracy of pendulums which measure the same entity. Accurate gravity 
observations date from the early nineteenth century, when Kater first described 
his reversible pendulum for absolute measurements. The inconvenience of 
these observations led to the introduction of invariable pendulums, with which 
gravity differences between stations are deduced from the difference in period 
of the same pendulum at the stations. This system, using pendulums of the 
Von Sterneck pattern, has proved most reliable, and the greatest number of 
observations have been made with it, the measurements being made with respect 
to some datum station at which the absolute value is known. 

A big advance in the technique of field observations with pendulums has 
recently been made by Bullard (1933). In practice, it is usual to swing the field 
pendulum and a master pendulum simultaneously at a base station and again 
with one at the field station and the master pendulum at the base station. To 
observe the change in period it is obviously necessary for communication to be 
established between the two. With the advent of wireless, this allows widely 
separated stations to be compared, but it has the disadvantage that a powerful 
transmitter would be necessary to observe the difference in gravity between, say, 
Cambridge and a station in East Africa. Bullard made use of an already existing 
transmitter, viz. the Rugby Wireless Station, and recorded the same transmission 
at both Cambridge and the field station, and on the same charts records were taken 
of the swinging pendulums. As it was found possible to identify the same signal 
on both charts, a common time base was established between the widely separated 
stations. After applying the usual corrections, the accuracy was such that 
repeated values at the same station were in agreement to 1 or 2 parts in 108. One 
great advantage of the system is that, on account of improved methods of measuring 
the chart, the time of observation was reduced to 1 hr. This technique has been 
used for surveys in East Africa, Cyprus and elsewhere with considerable success 
(Bullard, 1937 and 1939). 

Under laboratory conditions, however, a much higher order of accuracy has 
been obtained by Loomis (1931), who was able to measure the variation of 
gravity arising fromthe moon. Forarigid earth at latitude), this has an amplitude 
given by 

Onl p= 726 1080087), 
where g,, is the gravitational effect of the moon and g that of the earth. The 
observations were carried out at Tuxedo Park in America (A=41°), where the 
fractional change is 4-3 x 10-8. 'To attain the necessary accuracy, the rates of 
three pendulum-operated Shortt clocks were compared with that of a quartz 
oscillator maintained under steady physical conditions during the experiment. 

The oscillator had a frequency of 10° c./sec., and its output was used to control 
the frequency of a 1000-cycle generator. ‘The current from the latter was fed 
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to a Rayleigh wheel which was maintained at a steady rate of 10 rotations per sec. 
Rigidly attached to the axis of the rotor was a bakelite arm carrying at its end a 
small tungsten plate B (figure 1). This swept round close to a fixed insulating 
ring on which were mounted, on the inner surface, a continuous metal ring A 
and 100 needle points C equally spaced around the periphery. Each needle 
point was connected electrically to a corresponding needle on a “‘ comb ” which 
was mounted with its teeth close to an earthed metal roller over which the recording 
paper was fed. At the end of each 30 swings made by the pendulums, a relay 
was operated, and this raised the continuous metal ring to a high potential, where- 
upon a discharge took place via the tungsten plate on the bakelite arm, from the 
ring to the nearest needle point, and a hole was punctured in the paper immediately 


BA 


COMB 


EARTHED METAL ROLLER 


Figure 1. 


below the corresponding tooth in the comb. It is obvious that, if 30 swings 
corresponded exactly to 300 rotations of the Rayleigh wheel, the record would 
consist of a line parallel to the edge of the chart ; an inclined line indicated that 
the pendulums were losing or gaining on the oscillator. Observations were 
carried out over 146 days, and an analysis of the results (Brown and Brouwer, 
1931) was made for the whole period and for a 54-day period. It was found that 
the difference in the rates of the three clocks gave a random distribution with 
time, but the difference between each clock and the oscillator exhibited a periodic 
variation corresponding to half the lunar day. The values deduced from these 
observations agreed well with the theoretical value for a rigid earth. 


§2. STATIC GRAVITY METERS 

For geophysical prospecting, the pendulum suffers from one of the disadvan- 
tages of the torsion balance in that the time to complete an observation is long ; 
for this reason the static gravity meter is preferable. The conception of this type 
of instrument is due to Herschel (1833), who suggested the use of a spring, mounted 
in a metal frame and supporting a mass. The mass was to be varied until the 
total length was a constant, the metal frame being used as a gauge. Such an 
instrument is obviously crude and has many disadvantages for precise work, 
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but nevertheless many modern instruments consist of this simple system, and a 
few of them, e.g. the Hartley gravity meter, are used as null instruments. 

At one time the need for a reliable gravity meter was urgent, to accelerate and 
supplement the numerous pendulum surveys which were then taking place, and 
in 1888 the British Association for the Advancement of Science offered a prize 
for a gravity meter complying with certain specified requirements, the most 
important being portability and an ability to measure gravity changes to the 
nearest 10 milligal. The award was never made, and a year or so later it was 
withdrawn pending the investigation of the elastic properties of the quartz fibres 
then newly discovered by Boys. It is interesting to note that the first gravity 
meter satisfying the conditions laid down by the British Association, viz. the 
Threlfall and Pollock instrument, did, in fact, use a quartz fibre as the elastic 
member (‘Threlfall and Pollock, 1900). al 

Judged by modern requirements, the standard laid down by the British 
Association is low, but even with the experience of modern instrument design 
and the greater number of materials available for their construction, it is by no 
means an easy matter to produce a.gravity meter having an accuracy better than 
1 milligal which at the same time is robust and sufficiently transportable to be 
employed in the field. 

In static gravity meters, the force operating on a constant mass is opposed 
by some other force independent of gravity, such as elastic forces, magnetic or 
electromagnetic forces, etc. Of these, the first has proved most fruitful. The use 
of magnetic forces has not received much attention, for they usually vary rapidly 
with temperature and, more serious still, they would respond to the earth’s 
magnetic field as the instrument position was changed, unless almost perfect 
magnetic shielding were employed. ‘The last type of force immediately suggests 
an instrument taking the form of a modified Kelvin current-balance, but here 
there are considerable practical difficulties in the realization of a field instrument. 
The accuracy required leads to a beam system having the precision of a delicate 
balance in spite of the control exerted by the leads to the current coils mounted 
on the beam itself. In addition, as the applied force depends on the square of 
the current, field potentiometers capable of an accuracy of 1 in 2. 10® would be 
necessary for the measurement of a milligal. Nevertheless, the force between 
two current-carrying coils may be found useful as a fine control in instruments 
using a null system of observation, or as a method of applying small known forces 
for calibration purposes. Here the accuracy of the current measurement need 
not be so great. Ina null instrument the method would have two advantages : 
the current adjustment could be made on controls separate from the mechanical 
system, and a large range of gravity values could be covered without the necessity 
of modifying the main balancing system. 

Gravity meters which depend on elastic forces can be divided roughly into 
two groups, those which depend on the direct application of Hooke’s law and 
those which operate close to a position of instability to obtain greater sensitivity, 
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the latter including the so-called astatized instruments. As will be seen later, 
this division is not clearly defined, but it has advantages for the purpose of this 
paper. 

Many of the factors which have to be considered in the design and con- 
struction of gravity meters are revealed by an analysis of a simple instrument 
consisting of a mass m suspended from a spring, leading to an extension x in a 
gravitational fieldg. ‘Then mg= Ex, where EF is the elastic constant of the spring. 
The sensitivity is given by Ag/g=Ax/x, where Ax is the additional 
extension for a gravity increase Ag. ‘Thus, to measure a milligal, or less (since 
x can only be of the order of a few centimetres), considerable magnification is 
necessary. Again, the value of E changes with temperature, and there will be a 
change in the position of the mass due to this cause. If B is the temperature 
coefficient of the spring, it is easy to show that a temperature change of 1° c. will 
lead to an apparent change of gravity given by Ag/g=-—f. As the temperature 
coefficients are of the order of 10-* per 1° c., corresponding to 100 milligals, 
precise temperature control of the instrument, temperature compensation, or 
both, are essential. 

It is well known that, if at constant temperature, an elastic body is taken 
through a loading and unloading cycle, a hysteresis loop is formed when deflection 
is plotted against the load. Accordingly, the deflection is not a unique function 
of the load, but may take up any value within the limits of the bounding curve. 
There is thus a limit to the accuracy of any spring gravity-meter imposed by the 
imperfections of the materials employed. For any given reading there is a range 
of gravity values within which the correct value must lie, and changes smaller 
than this range cannot be detected with certainty. This range naturally depends 
on the material, and for instruments capable of detecting less than 1 milligal 
there are only a few suitable, of which quartz, elinvar, certain steels and gases 
have been employed. Under a steady load, most springs exhibit a slow temporal 
change leading to a continuous drift of the readings. If the drift is not too great, 
it does not materially influence the accuracy of any survey, since, if readings at 
one or more stations can be repeated at suitable time intervals, a correction can be 
applied. With matured springs the observations usually lie ona straight line when 
plotted against time, and the excess over, or deficiency from, this line at the time 
of observation gives the change in gravity. One final effect due to elastic imper- 
fections may arise from the clamping of the system for purposes of transport. 
If clamping introduces any serious strain, the system when released will move 
slowly to its final equilibrium position. If the instrument Is read a suitable 
time after releasing, any error due to this cause will be negligible, but by correct 
design of the clamping mechanism the error can be eliminated. 

In addition to the above, there are certain obvious precautions necessary to 
eliminate errors arising from changes in the buoyancy of the air, condensation and 
surface corrosion, etc. By selection of materials, any influence due to the earth’s 
magnetic field can be eliminated as well as the effect of any electrostatic charges, 
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In one instrument the last has been avoided by incorporating some radioactive 
salt within the instrument. Again, a mass mounted ona spring, the system having 
a long period, forms a seismograph and, with the magnification usually necessary 
in gravity meters, the ground unrest is readily perceptible unless its effects are 
reduced by excessive damping. 

Many instruments are very susceptible to errors in levelling, particularly 
those in which the moving parts are constrained to one degree of freedom relative 
to the instrument frame. Correct levelling ensures that the direction of gravity 
acts in the same direction as the only possible motion of the suspended system, 
while with incorrect levelling the appropriate component of gravity is operative. 
For an error of tilt 0, the effective value of gravity is changed by Ag= —g.0?/2, 
and for an accuracy of 1 milligal the level must be reproduced to within 5’ of are. 
When possible, this effect is usually made useful for calibration purposes. 

Although these factors have been discussed in relation to a simple spring 
instrument, similar considerations apply to most gravity meters, but naturally 
their relative importance depends to a great extent on the actual design. Thus, 
for example, in certain instruments, such as the Ising and Holweck-Lejay gravity 
meters, there is no permanent distortion of the elastic members, and accordingly 
there should be no drift correction of the.type described. Nevertheless, a correc- 
tion is necessary due to the ageing of the elastic member which results in a slow 
change of its constant. 


§ 2.1. Direct instruments with magnification 


There are a large number of instruments in this class, but only five will be 
considered here, viz. the Threlfall and Pollock gravity balance, the Hartley 
instrument, the Gulf gravity meter, the Boliden instrument due to Lindblad and 
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Figure 2. The Threlfall and Pollock instrument. 


Malmqvist and one due to Haalck. Of these, the first is mainly of historical 
interest, but the others are modern instruments of greater sensitivity and are 
representative of present design. 

(a) The Threlfall and Pollock quartz-thread gravity balance. This instrument 
(Threlfall and Pollock, 1900), which is shown diagrammatically in figure 2, 
consists essentially of a horizontal quartz thread, about 30 cm. long and 0-038 mm. 
in diameter. At the centre of the thread, and perpendicular to it, is attached 
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a gilded brass wire, of mass 0-018 gm., with its centre of gravity to one side of the 
thread. The ends of the thread are joined to rotating members whose axes are 
extensions of the quartz thread, the latter being kept taut by a spring inserted at 
one end. With no twist in the two sections of the quartz, the rod would hang 
vertically downwards, but rotating the ends in the same direction causes the rod 
to deflect from the vertical and, in the actual instrument, a rotation of 67 radians 
was found to bring the rod into its horizontal working position, where its end was 
observed by a fixed microscope. With the rod horizontal, the instrument is most 
sensitive to changes in g, the sensitivity being obtained by using a large initial 
deflection and the optical system. The direct method of observation was not 
employed, and the rod was restored to a standard position at each station by a 
rotation of one end of the thread which was attached to a sextant carrying a vernier. 
With the particular initial distortion, there exists a position of instability for small 
rotations @ of one end, when the rod is about 3° above the horizontal. Near to 


this the adjustment can be made with considerable accuracy. On theoretical 
grounds 


0=Kg+C, 


where K and C are instrument constants, and experience showed that the effect 
of temperature (£) could be accounted for by the modification 


6=Kg(14+ Bt) +C. 


The temperature was measured by a platinum thermometer supported on a thin- 
walled glass tube lying close to and parallel with the quartz thread. Calibration 
was performed using the known values of gravity at Melbourne and Sydney, 
and it was found that 2 minutes on the sextant corresponded to a change of 
10 milligals, the limit of accuracy with this instrument. 

(b) The Hartley gravity meter (Hartley, 1932). A simple stretched spring, 
which is adjusted to a constant length at each station, forms the essential part 
of the Hartley instrument. The greater part of the load is carried by the main 
spring (figure 3), only about 0-1 per cent being sustained by the lighter control 
spring. Both springs are hinged to a horizontal beam which carries the mass, and 
is attached at one end to the instrument frame by a metal filament about which 
the beam pivots. ‘The upper end of the control spring is fixed to a micrometer 
screw which is used as the fine adjustment to restore the beam to the standard 
position. The main spring, of a tantalum-tungsten alloy, is stressed in the 
operating position to less than a fifth of that necessary to reach its elastic limit. 
As one end of the beam rises or falls under gravity variations, two mirrors mounted 

_on light meta! filaments are rotated in opposite directions, and the position of the 
system is observed by the separation of the two images of a lamp filament formed 
by reflection at the mirrors. The adjustment consists in bringing the two images 
into coincidence. The displacement magnification is about 60,000, but as part 
of the increase in the force of gravity is used to bend the various filaments, etc., 
the instrument has a somewhat smaller magnification. 


456 ih McGarva Bruckshaw 


Temperature compensation is attained by the usual gridiron system, but it was 
found essential to employ temperature regulation as well. Without this, as the 
temperature of the system is never uniform to the requisite degree of accuracy, } 
distortion of the instrument and frame results. It is worthy of note that trouble 
was experienced from the initial strain of the frame and, as far as possible, it was 
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Figure 3. The Hartley instrument. 


necessary to mount the optical system in a separate frame. The connection 
between this and the main frame was by annealed aluminium tubes fitting in 
accurately ground sockets and clamped by a method designed to put a minimum 
strain on the tubes. ‘The most serious trouble arose from elastic hysteresis—not 
only of the main spring, but also of the control spring and filaments. To reduce 
this, the clamping system was designed to lock the beam in the standard position 
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without additional stress. Thus, it is claimed that the maximum stress. to which 
the system is exposed, corresponds to the gravity difference between satiotis 
The seismograph action is eliminated by excessive air damping. Pinaily 
inaccurate levelling causes lateral distortion of the springs and filaments, in pacinon 
to errors arising from the effective component ofg. Experiment showed however 
that with levelling errors less than 30” of arc, gravity changes could be ebeerved 
to the nearest milligal. 

(c) The Boliden gravity meter (1938). ‘This instrument was developed in 
Sweden by Lindblad and Malmqvist to be used in conjunction with those electrical 
methods of prospecting whose object is the location of good conducting zones. 
A number of geological formations, such as clays, graphitic schists, etc., behave as 
good conductors, and cannot be distinguished electrically from the denser ones 
such as galena etc. It was anticipated that a sufficiently sensitive gravity meter 
would allow a separation of the important and unimportant indications on account 
of their density difference. ‘The mass (figure 4) is supported from the instrument 
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Figure 4. The Boliden instrument. 


frame by two bent springs, and each end of the mass forms an electrical condenser 
with a metal plate insulated from, but rigidly attached to, the instrument frame. 
If a gravity change produces a displacement Ax of the mass, the corresponding 
change AC in the capacity C of the condenser is given by 


AC/C = —Ax/t, 


where ¢ is the separation of the plates. By making ¢ sufficiently small, con- 
siderable magnification is possible. In the original paper, it is claimed that a 
movement of 3:5 x 10-9 em. can be detected, while a change of 1 milligal causes 
a displacement of 5-5 10-7cm. ‘Thus, theoretically, gravity differences can be 
measured to the nearest 0-02 milligal. It is very doubtful if this accuracy is 
actually attained. ‘The condenser forms part of an oscillating circuit whose 
frequency changes with the capacity, and the measurement is essentially one of 
comparing the frequency with that of an independent oscillator. Measurements 
PHYS. SOC. LIII, 4 Bye 
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can be made by a null method by applying a known voltage between the plates 
and using the electrostatic attraction to restore the frequency toa standard value, 
a method which can also be used for calibration purposes. As this instrument 
only detects movements in one direction, 1.€. perpendicular to the condenser 
plates, the method of calibration by tilting can also be adopted. By suitable 
selection of the materials used in its construction (these are not specified in the 
description), it is claimed that the effect of temperature can be made small, IG 
change producing a movement corresponding to 2 milligals. In addition to 
temperature compensation, the temperature is regulated by thermostats to 
0-02° c., and temperature effects can be ignored. 

(d) The Gulf gravity meter. Details, apart from those in the relevant patent 
specifications, are not available for this instrument,* but it is included here as it 
employsa property of a helical spring, usually overlooked. Itisshown in text-books 
(Poynting and Thomson, 1924) that a helical spring, as well as extending under 


Figure 5. ‘The Haalck gravity meter. 


a load, suffers a twist of one end relative to the other. For a spring of circular 
wire the effect is small, but by suitable selection of the cross-section it can be 
accentuated. With a rectangular section and the long dimension parallel to the 
axis, the spring uncoils on loading; with the short dimension parallel to the axis 
the spring coils up. The Gulf instrument employs a spring of the former type, 
the rotation of the lower end being observed by a modification of the reflected 
light beam system. Using two partially silvered mirrors, multiple reflections are 
used, the displacement of the images being in arithmetic progression. A high- 
order reflection is observed, and when this moves off the scale, the next lower 
order is used. By this means a wide range of gravity values can be examined 
without adjustment of the suspended system. 

(e) The Haalck gravity meter (Haalck, 1932). Many instruments have been 
proposed and constructed on the barometer principle, and the Haalck gravity 
meter is one of the latest designed on these lines. If a mass of gas is enclosed 
under the pressure of a column of mercury, when the system is moved to a point 

* A description has now been published in Geophysics, 1941, 6, 13, 
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of increased gravity, the mercury column exerts a greater pressure and the gas is 
compressed, and attains an equilibrium under a shorter column. Under normal 
conditions, fluctuations in atmospheric pressure and temperature would swamp 
the gravity effects, and Haalck has made efforts to eliminate or reduce these 
extraneous effects, at the same time obtaining considerable magnification by the 
use of a double liquid manometer. ‘The atmospheric pressure is immediately 
eliminated by measuring the differential pressure between two gas volumes 
Vand V’(figure 5). ‘The main manometer fluid is mercury but, as in other instru- 
ments, the fractional change in pressure is only of the same order as the fractional 
change in gravity. ‘The mercury surfaces are given large cross-sections A and A’, 
and toluene is used above the mercury with its surfaces in the capillary tubes with 
small sections S and S’, the capillary tubes being inclined at a very small angle 
to the horizontal. The magnification depends on the incompressibility of the 
toluene. It can be shown that 


Ag/g= CAI—C'Al, 
where C and C’ are instrument constants and A/and Al’are the displacements of the 
liquid in the capillary tubes. Of necessity these are of opposite signs, and Ag 
depends on the sum of the displacements. One advantage of the system is the 
ease with which the constants can be determined. A plunger allows a small 
quantity of mercury to be added to the manometer, compressing both gas volumes, 
and the displacements are related by 
AAT =C'JC. 

In addition, the plunger allows the values to be adjusted to the necessary gravity 
range. Finally, by tilting the system about the axis PQ, all vertical distances are 
modified by the factor cos 9, where @ is the tilt. This corresponds to a reduction 
in gravity of — g 62/2, allowing the individual values of C and C’to be determined. 

The most important correction is for temperature, and as 1° c. corresponds 
to about 4000 milligals, temperature control must be supplemented by compensa- 
tion. ‘The temperature effect is complex, but the most important part depends 


on a term (2 —3 pot, where «, « and <’ are the temperature coefficients of the 
pP-P 

gas and the containing vessels, and p and p’ are the pressures. One volume of 
gas is made to enclose the other, the common wall of the two vessels being of 
invar. The inner and outer walls are of materials having a large temperature 
coefficient, and by suitable selection of the dimensions the inner volume can be 
made with a large negative coefficient and the outer volume with a large positive 
coefficient. By this means the term can be made small, but perfect compensation 
cannot be attained, and melting ice is used to maintain a constant and uniform 
temperature. 

Haalck reports that, with a set of four such instruments mounted in a van, 
an accuracy of 1 milligal can be attained by using a repeated set of observations. 


As the manipulation of the instrument is so simple, he suggests the possibility 
sti 
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of making four or five repeated observations, leading to an accuracy of 0-25 to 0-5 
milligal, but it should be noted that sporadic deviations of 3 milligals have been 
noted for a single observation. 

Another instrument in which gas is used as the elastic body is that due to 
Norgaard (1933, 1935, 1936). It takes the form of an inverted Cartesian diver in 
which a gravity change alters the pressure and volume of the mass of gas enclosed 
in the float. This accordingly moves to a new position of equilibrium where the 
total volume of liquid displaced by the float and gas is the same as before. 
Recently, Benfield (1938) has attempted to construct an instrument on this prin- 
ciple using only mercury as the manometer fluid instead of a combination of two 
fluids as in the case of Norgaard’s instrument. With the sensitivity aimed at, 
ie. 1/20 mm. displacement for 1 milligal, the instrument was unsuccessful, 
mainly on account of the irregularities in the surface tension of the mercury and 
the contact angle between it and the float. 


§ 2.2. Instruments operating near a position of instability 

Only three of the many such instruments will be described, one, due to 
Thyssen (1939), being a simple extension of the spring-balance, and the other 
two due to Ising and Urelius and Holweck and Lejay. The last do not suffer 
from the great disadvantage of all the other instruments described here, for there 
is no permanent distortion of the elastic member. Both employ the same physical 
ideas, but the method of observation and the instrument construction differ 
considerably. 

(a) The Thyssen gravity meter (Thyssen, 1939). A quartz beam (figure 6), 
resting on a central knife-edge, has a platinum mass of 20 gm. at one end, the whole 
being held in equilibrium by the spring, some 50 cm. long, attached to the other 
end. The beam is designed so that its centre of gravity is just below the axis 
of rotation. A small mass of 1 gm., moving on a screwed thread mounted on the 
centre of the beam and above it, allows the centre of gravity to be raised until an 
unstable position is attained. In practice the upper mass is adjusted until the system 
has a period of 6 to 10 sec., and the position of the beam can be controlled at the 
standard base station by a micrometer at the lower end of the spring. The de- 
flections are observed by a prism and microscope (magnification x 60) focused 
on a vertical scale fixed to the main platinum mass. 

The spring itself is of a nickel-iron alloy, which by suitable annealing may be 
obtained with a wide range of elastic temperature coefficients from about —25 . 10-6 
to —10.10-® The thermal expansions of a number of materials lie within 
this range (but are of opposite sign), and temperature compensation is effected 
by selecting for the tube surrounding the spring a substance whose expansion 
coefficient has the same magnitude as the temperature coefficient of the spring. 
Perfect compensation is not possible, but the error can be reduced to a value that 
allows a correction to be applied, the essential condition being that the spring 
and tube shall be at the same temperature, This part of the instrument is heavily 
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lagged for this purpose. ‘Temperature regulation is not employed, in complete 

opposition to the experience of Hartley, who found that, without it, non-uniform 
temperatures led to distortions which vitiated the readings. In addition to heavy 
lagging round the spring tube, the whole is covered with felt as an additional 
precaution. 

It is obvious that the beam system will be sensitive to tilt about an axis parallel 
to the knife-edge. Errors from this cause are eliminated by using two identical 
beams side by side, but with their main masses at opposite ends. Small errors 
in levelling, which is carried out by a 5-see. bubble level, have equal and opposite 
effects on the beams, and the reading for a true adjustment can be calculated. 
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Figure 6. "The Thyssen instrument. 


The use of a quartz beam renders the instrument susceptible to electrostatic 
charges, and these are avoided by incorporating a little radioactive salt in the case. 
It should be noted in this connection that errors are not only due to the interaction 
between charges, but also to the attracted dust particles, which alter the mass 
distribution. 

(b) The Ising and Urelius gravity meter (Ising and Urelius, 1930). In con- 
struction, the instrument is reminiscent of the Threlfall and Pollock gravity meter, 
and consists of a horizontal thread of quartz KL (figure 7 (a) ) fused at eachend toa 
quartz stand Q, and at its centre is fixed a quartz rod P with its centre of gravity 
displaced from the thread. ‘The normal equilibrium position of the rod is vertical 
and above the thread, and in this position there 1s no twist 1n the fibre. If the 
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effective elastic constant 7 of the thread is greater than mgh (m being the mass of 
the rod and h the distance of the centre of gravity from the thread), the upright 
position is one of stable equilibrium, for any deflection 4 results in a deflecting 
couple mhg sin 6 and a restoring couple 76, the latter always being the greater. 
These two are shown in figure 7 (b) by OCD and OF respectively. The instrument 
is constructed so that the elastic constant is only just greater than mgh, so that the 
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Figure 7. The Ising and Urelius gravity meter. 


graphs are nearly parallel. In operation, the whole instrument is given a small 
tilt 9 (=OA), when a gravitational couple AC operates without any twist in the 
thread. The rod will accordingly rotate through an additional angle ¢ until 
equilibrium is attained represented by the conditions D. Since the two lines are 
nearly parallel ¢ is very much larger than 6. It can be shown that 


$/0 =mgh|(r — mgh) = N,* 
and it is the variations in N which allow the gravity changes to be observed, for 


N obviously changes rapidly withg. IfNand(N+AN) correspond to the gravity 
values g and (g+ Ag) then, approximately, 

Ag/g=AN/N?. 

Thus, for example, if N is about 1000, measurements of N with an accuracy of 

1 in 1000 yield gravity differences to the nearest milligal. 

An instrument of this nature is obviously sensitive to faulty levelling, and to 
reduce errors arising from this the quartz stand is mounted on a heavy lead block C 
supported from the instrument frame A by vertical laminar springs B. After 
levelling the frame, any inaccuracies are automatically eliminated by the yielding 
of the springs. In the early instruments, the position of the rod was observed 
by a microscope, the objective being on the block and the eyepiece on the frame. 
The small tilt @ was obtained in one of two ways, either by loading the mass 
with a rider placed at one side, or by means of a light spring attached to the lead 
block with its tension controlled by a fine-pitched thread. In the former case 
the deflections for a constant tilt were obtained, and in the latter the tilt necessary 
to produce a constant deflection was observed. ‘The temperature was maintained 


* In practice, it is necessary to take into account the fact that the gravitational couple is 
proportional to sin (9+ 4) and not to (6+ 4) itself. 
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constant by an ice bath, but in a later model thermostatic control has been used 
Automatic recording has been developed for the load method of taking rordines 
and, using this system, experiments in England and Holland gave a mean sane 
of 0-46 milligal, while the visual screw method of observation gave 0-64 milligal. 
(c) The Holweck-Lejay inverted pendulum (Holweck and Lejay, 1934). 
Although the same physical principles are used in this instrument as in the Ising- 
Urelius gravity meter, their practical forms differ considerably. The essential 
parts of the former consist of a rod of quartz D (figure 8) mounted on a vertical 


Figure 8. The Holweck-Lejay pendulum. 


spring E whose lower end is clamped in the frame F. The elastic constant r of 
the spring is again adjusted to a value slightly greater than mgh. It can be shown 
that, under ideal conditions, the period T of the pendulum is 


T =2nV I|(r —mgh), 
where I is the moment of inertia of the rod, and hence 
AT/T =mhAg|(r — mgh). 
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Comparing this with the corresponding equation for an invariable pendulum, 
2 AT/T =Agie, 


it will be seen that the sensitivity has been increased by a factor mgh|(t — mgh), 
which is obviously large. This magnification can be attained experimentally by 
observing the period (7,) with the pendulum inverted and with the pendulum 
hanging downwards (7). In the latter position, gravity and the spring assist 
one another, leading to a short period. Then 

T,=20VI/(r—mgh);  T,=20 VI|(r+mgh) 
and 2mgh|(r — mgh) = (T,? — T,?)/T?. 
In one particular case T, = 6:3477 sec. and T,=0-339 sec., giving 

AT/T =87-4 Ag/g: 

Thus for an accuracy of a milligal, T must be observed to one partin 104, and as 
observations are usually made on 100 oscillations, the timing must be carried out 
to 0:06 sec. 

Because the pendulum is made sensitive to changes in gravity, it is also sensitive 
to other extraneous effects, notably to tilt and to amplitude. For the above 
pendulum with an amplitude of 1°, the correction is 33.10-* sec. Normally, the 
pendulum is started with the same amplitude, so this correction is constant and, 
due to damping, somewhat smaller than this. The correction for tilt depends 
roughly on the square of the amplification and is extremely important. The 
adjustment of the level is carried out by making use of the fact that the 
pendulum gives a magnified indication of the tilt as in the Ising instrument. 

By suitable selection of materials, errors arising from temperature changes 
can be reduced to small values, and during observation the temperature is observed 
and a correction, based on experimental data, is made: a correction is also made 
for the temporal change in the elastic constant of the spring, and this is found to 
vary according to the relation 

C=C, (= 1036~®); 


where the notation is obvious. In the early life of the pendulum this effect is 
important, but ultimately becomes small. 

The pendulum consists of a fused-quartz cylinder D, about 6 cm. long by 
4 mm. in diameter, mounted on an elinvar spring E. The spring, which is worked 
in one piece, has massive ends where it is attached to the quartz and the frame, 
but is thinned in the middle. The period, and consequently the sensitivity, can 
be varied by means of an adjustable quartz ring C sliding on the rod. Electro- 
static action is eliminated by coating the quartz with platinum and placing the 
whole in a Faraday cage. ‘The pendulum is observed by a microscope focused 
on a fine quartz thread at the upper end of the rod. A thermometer has its bulb 
in a massive metal frame A which surrounds the pendulum and assists in main- 
taining a uniform temperature, while atmospheric conditions are eliminated by 
sealing the whole in a glass vessel B. It has been found necessary for the observer 
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to be insulated mechanically from the instrument, as it is susceptible to ground 
motions. 

Instruments of this class suffer from the disadvantage that their sensitivity 
varies as the value of gravity changes, and they can only be used over a small range 
for which the instrument is adjusted. With increasing gravity the system 
ultimately becomes unstable and for decreasing gravity the sensitivity falls. In 
addition, as they are susceptible to errors in levelling and, in the case of the 
Holweck-Lejay instrument, to ground vibration, they do not appear suitable for 
observations at sea. 

Reviewing the modern instruments, of which a representative selection has 
been described, it is apparent that under field conditions they are capable of 
measuring small changes in gravity with an accuracy somewhat better than the 
invariable pendulum under the same conditions, and in general the time of a 
single observation compares favourably with the time of pendulum measurements. 
In the laboratory, the static instruments have also been used to observe the 
gravitational effect of the moon. Amongst others, Tomaschek and Schaffernicht 
(1933) have successfully carried out such experiments. Using a simple loaded 
spring and an interferometer method of observing displacements, the moon was 
found to give a shift of about two fringes, while by using a bifilar gravity meter 
designed by Berroth, near a position of instability, a deflection of 2 mm. was 
obtained for 10-8 g. 


Dee CUS ON 


Prof. A. O. Rankine. Dr. Bruckshaw has repeated the widely believed 
statement that fused quartz does not display hysteresis effects. This is not true. 
In the Ising gravity meter which we have heard described, the marked hysteresis 
of the quartz has to be allowed for by making a series of observations at regular 
intervals. Liability to persistent electrification is another difficulty with quartz 
suspended systems. This also is recognized in the Ising instrument, arrange- 
ments being made for ionizing the air in the suspension chamber. 

I agree with Dr. Bruckshaw in his quotation from Hartley that experience 
shows it to be impracticable to produce a working gravity meter measuring to 
one milligal merely by compensating temperature effects—a thermostatically 
controlled enclosure is essential. It seems to me desirable formally to rebut 
claims to the contrary, emanating chiefly from Germany. The work and claims 
of Baron von Thyssen are a case in point. A good deal of useful foreign exchange 
has found its way into the Reich through the unscrupulous exploitation outside 
Germany, with the backing of the Nazi Government, of the notoriously expensive 
but unreliable Thyssen gravity meter. 

I am sorry Dr. Bruckshaw could not spare time to say more about the Gulf 
gravity meter. With a fairly wide experience of gravity meters I am firmly con- 
vinced that this instrument, depending on the rotation of the end of a suitable 
spring under varying load, and not upon its change of length, is much superior to 
any of its contemporaries. 
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Mr. Lancaster-JONES. The rapid development of gravimeters in recent 
years affords substantial support for a contention that I used to make in regard to 
the magnitudes measured by the Eétvés torsion balance, namely, that the gradient 
values were of prime significance and the curvature values of far less importance. 
The reason was that interpretation of curvature values is very difficult, whereas 
the gradients, when integrated into isogams, i.e. gravity-difference curves, are 
readily interpreted. 

In stating the reason for the impetus to produce gravimeters, Dr. Bruckshaw 
has emphasized two factors: the saving in time, and the avoidance of corrections 
due to irregularities of density in the surroundings. Whilst I would fully endorse 
the influence of the former factor, I would very much doubt the value of the 
latter. In fact, it is a question of the nature of the gravity effects to be determined. 
In many problems, the values sought, due to the presence of some deposit of 
economic significance, are far smaller in amount than any gravimeter can detect. 
In some work carried out by Dr. Shaw and myself in Cumberland, concerned 
with the detection of comparatively large deposits of iron ore, the total gravity 
anomaly in a region covering a square mile or so was very little more than one 
milligal, and this effect was almost wholly due to undesired subterranean density 
anomalies; the effect of the ore-body itself was very much less. 

Moreover, whilst gravimeters are indeed less sensitive to very local irregu- 
larities of density, they are more sensitive than torsion balances to regional 
irregularities in the topography, etc., because they operate over larger areas. 
In the same way pendulum measurements need to be corrected for large-scale 
topographical and other terrestrial effects. Indeed, as in most problems, the 


instrument must be adapted to the relative magnitude of the task and the field 
of operation. 


Dr. H. SHaw. Dr. Bruckshaw at the outset of his lecture divided gravi- 
meters into two groups, according to whether they were designed to measure 
gravity at sea, or for use in the location of minerals of economic importance. Iam 
afraid that such a grouping overlooks certain early instruments which were 
devised for use on land, and were not capable of operation at sea. In order to 
include these instruments I would suggest that it might be preferable to re-name 
his first group—‘ Gravimeters designed for purely geodetic purposes ”’. 

I was pleased to hear Dr. Bruckshaw describe the apparatus of Threlfall and 
Pollock as the earliest gravimeter to possess modern sensitivity and accuracy. 
It may be of interest to record that this early apparatus is now at the Science 
Museum, 5. Kensington. When Sir Richard Threlfall brought it there, in 1932, 
he stated that for some years he had intended to continue his investigations. 
He discovered however that he had unfortunately lost his earlier manipulative 
skill, and had not been able to persuade anyone to continue the work in which 
he was so keenly interested. 


Following upon the remarks of the previous speakers, it may be as well to 
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emphasize a distinction between the pendulum and the gravimeter, which I do 
not think has yet been mentioned. ‘The gravimeter is an ideal instrument 
for making determinations of gravity at stations separated by distances up to 
several kilometres, where observations can be made at intervals up to, perhaps, 
one or two hours. ‘The comparison of gravity at well-separated stations, however, 
such as London and New York, cannot be carried out with a gravimeter owing to 
certain errors inherent in this type of instrument. For the comparison of gravity 
at such well-separated stations some form of pendulum must be employed which 
at the same time enables an absolute determination of gravity to be made. 


Dr. J. H. Jones. Dr. Bruckshaw will be interested to know that an account 
of the Gulf gravimeter has now been published in the latest number of Geo- 
physics. ‘There is no doubt that this is a very fine instrument, and its success 
is due chiefly to the neat method of magnifying the change in length of the spring. 
There is only one point of contact to the frame, and in consequence the instrument 
is insensitive to small levelling errors. 

It is my experience that the two most important problems in gravimeter 
design are (1) the elimination of the effects of clamping and (2) the elimination of 
levelling sensitivity. 

It is necessary to clamp the instrument as close as possible to the equilibrium 
position to eliminate strain on the spring. The elimination of levelling sensitivity 
is difficult if there are more points of contact to the frame than one, but in general 
this can be achieved by introducing constraints so that the moving system has 
only one degree of freedom. 
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INTERPRETATION 
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BEGIN by reminding you of the various ways in which we may obtain a 
] hysteresis cycle for a specimen of ferromagnetic material. The slides I 


a 


ot Doe Cities 


now show illustrate the ballistic method, the magnetometer method and — 


a method which does not involve the use of any instrument except a 
milliammeter. The latter is very suitable for dealing with rod-shaped specimens 
of highly permeable materials. It depends for its action on the Schuster and 
Smith method of measuring H and is fully described elsewhere (Bates, 1931). 

I now show you a typical (B, H) curve for annealed iron-wire obtained by the 
late Sir Alfred Ewing in 1873. Many of the Fellows present will remember the 
last occasion on which Sir Alfred addressed the Society, and how he told us that 


he thought ‘‘no small beer” of himself when he first obtained such curves. — 


In many respects Ewing’s methods of describing the hysteresis cycle have not 
been altered, but with the increasing demand for materials of very high coercivity 
it is necessary to distinguish between the coercivity obtained from the (B, #) 
curve and the coercivity obtained from an (J, H) curve; this is well illustrated 
by a diagram in which a (B, H) curve and a (47/, H) curve are plotted together. 
The curves intersect at H=0, giving us the residual induction; but they do not 
pass through the same point on the H axis, and the coercivity obtained from the 
(B, H) curve can be considerably less than the coercivity given by the (J, H) 
curve. Users of permanent magnets, of course, specify the coercivity in terms 
of the (B, H) curve which may be written sH,. Ewing explained his results 
in terms of his well-known simple model of a large number of elementary magnets 
more or less freely pivoted, a model which must be replaced for modern purposes 
by a different picture of the whole process of magnetization, to which Becker 
and his collaborators have contributed much (Becker and Déring, 1939). 

It is perhaps profitable to consider for a few moments a few of the hysteresis 
cycles which may be obtained in practice. First we have the enormous changes 
which can be produced in the magnetic properties of iron which is hydrogenized 
by heating the material in moist hydrogen at a very high temperature. There 
is an enormous increase in the initial permeability. Next we have the group 
of nickel-iron alloys whose magnetic properties depend so markedly upon their 
heat treatment, and we distinguish between air-quenched, annealed and baked 
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specimens. The air-quenched materials provide us with materials of very high 
initial permeability, of which Permalloy is a well-known example. Then we have 
that remarkable group of materials known as the Perminvars, alloys of iron, 
nickel and cobalt, which give the most remarkable set of hysteresis curves which 
man has yet seen. ‘hese alloys when ‘“ baked ”’ exhibit the most important 
property of constant initial permeability over fields as great as 2 or 3 oersteds. 
It is necessary, however, to avoid exceeding these fields or a complicated hysteresis 
cycle will be obtained and the material will lose its important property. 

Finally, we come to the magnetic properties of single crystals of ferromagnetic 
elements. In the case of iron the crystal is of the body-centred cubic type, i. e. 
the atoms are arranged one at each corner of the crystal cube and one in the 
centre of the cube. The magnetic properties of such crystals depend upon the 
direction in which the magnetizing field is applied, for in.general J and H do not 
coincide in direction. We may distinguish between the three important directions 
of magnetization [100], [110] and [111]: it is found that magnetization takes place 
most readily when the field is applied in the [100] direction, which is called the 
direction of easy magnetization. ‘The [111] direction is the direction of most 
difficult magnetization. Perhaps it is as well to point out that most of these 
curves have been obtained with very small specimens in which the demagnetiza- 
tion factor is of considerable importance, and there seems to be some diversity 
of opinion about the initial course of the curve and the positions of the marked 
kinks. In my opinion, such crystals do not have an infinitely great initial per- 
meability, and even a perfect iron crystal would show some hysteresis phenomena. 
In the case of the single crystals of nickel, the [111] direction is the direction of 
easy magnetization while the [100] is that of dificult magnetization. The cubic 
crystal of nickel belongs to the face-centred type, i.e. with one atom at each cube 
corner and one atom at the centre of each face. It is clear that the magnetic 
properties of these crystals are of great theoretical significance, and should be 
borne in mind in the remaining portion of my talk. 

We now interpret magnetization processes in terms of the Weiss Domain 
theory of magnetization. Weiss postulated the existence of a huge internal 
field in a ferromagnetic substance, in order to explain the magnitude of ferro- 
magnetic phenomena and the existence of permanent magnetization. In recent 
years Heisenberg has explained the existence of this field on the basis of exchange 
forces between electrons. In the case of a hydrogen molecule, the atoms are 
bound together by a homopolar binding between the electron spins which are 
oppositely directed, so that the molecule is magnetically inert. In the case of 
- ferromagnetic materials we have similar forces between electron spins which are 
in this case directed parallel to one another. 

We must therefore picture a ferromagnetic as made up of a very large number 
of Weiss domains, whose size is, on the average, about 10-°c.c. We consider that 
to a first approximation the magnetization, J, or Lo, 7; of a domain remains constant 
at a constant temperature and that its direction of magnetization, or the position 
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of the magnetic vector of the domain, alone alters when the domain is exposed 
to an applied field. In the accompanying diagram, figure 1, a number of 
such domains are shown. ‘The boundaries between them are shown with 
a definiteness which, of course, we cannot imagine them to possess in practice. 
We will imagine for the present that each magnetic vector is parallel to a crystal 
axis, and we will now consider what might be expected to happen when we apply 
a field H in. the direction shown. Firstly, the vector of domain 4 may turn 
through 180 degrees, so that while it still remains parallel to a crystal edge, it is 
in much better alignment with H. In like manner, the vectors of domains 
2 and 3 might turn through 90 degrees. Secondly, the vector of domain 1 might 
grow at the expense of domain 2 as shown by the dotted line. Finally, after all 
the domain vectors have set themselves as nearly parallel to H as possible, 
although still remaining parallel to cube edges, they might thereafter rotate 


Crystal 


Axes 


Figure 1. Illustrating domain structure of a ferromagnetic crystal. 


bodily through angles less than 90 degrees, until they are exactly parallel to 
the field. 

It is frequently assumed that all the spins within a given domain can simul- 
taneously swing through large angles from one position of minimum domain- 
energy to another. ‘lhe energy needed for such a comparatively large-scale 
process is too great to be drawn from the crystal lattice and the assumption is 
undoubtedly incorrect, so that the instantaneous 180-degree rotation of all the 
spins in domain 4 and a similar 90-degree rotation of all the spins in one of the 
domains 2, 3 and 8 is impossible. Consequently, the domain changes must 
proceed by means of a series of rapid rotations of individual spins. Moreover 
while it is easy to draw domains as if they were of regular shapes situate mien 
a two-dimensional frame, it is not at all easy without long experience to visualise 
their actual arrangement in three dimensions within a crystal. In any case, in 
strained materials the vectors will not make angles of exactly 90 and 180 aes 
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with one another. Again, while we have thus far confined attention to single 
crystals, their properties are not unique, and all ferromagnetic materials must 
be regarded as collections of such crystals giving rise to hysteresis cycles which 
must be explicable in terms of the properties of the single crystals of which they 
are constituted. 

Let us pause for a moment to consider the evidence for the existence of 
domains within a ferromagnetic body. We have first of all the Barkhausen 
effect, which I now propose to show you. On the table before me I have a cojl 
of wire which is connected to a valve amplifier and loud-speaker. Within the 
coil is placed a piece of fine iron wire. On bringing a powerful permanent magnet 
up to this wire, the loud-speaker emits a series of discontinuous noises or clicks. If 
the magnet is brought up fairly quickly, then the noises approximate to those 
made by a body of recruits ordering arms for the first time. This phenomenon 
shows us that magnetization processes, particularly those on the steep portion 
of a Barkhausen curve, are essentially discontinuous, and each tiny portion of a 
smooth magnetization curve would, if suitably magnified, appear as a series of 
irregular steps. The phenomenon has been investigated in detail by many 
workers. Sixtus and Tonks (1931) have measured the velocity of propagation 
of large Barkhausen discontinuities along a stretched wire, for by suitable thermal 
and other treatment it is possible to produce very large nuclei which show big 
Barkhausen effects. Sixtus and Tonks have shown that it is possible to cause 
Barkhausen discontinuity to stop at a given point in a stretched wire and also to 
arrest its progress by the application of a suitable field in the reverse direction. 

It is now known that there are three important factors which decide the 
direction of magnetization within a particular domain. Experiments with 
single crystals show conclusively the existence of directions of easy magnetization, 
e.g. in iron crystals parallel to the [100] directions, and in nickel crystals to the [111] 
directions. ‘This is because different quantities of energy are associated with 
different positions of the vector with respect to the crystal axis, and we express 
this fact (Bates, 1939) by means of the anisotropy coefficients in the equation 


FE’, = Ko + Ky(a4?a9? + ay?a3” + 03207) + Ko(ay7a9705”). 


Hence we may consider that the crystal energy per unit volume, F., is one of 
the factors deciding the position of the domain vector. 

A second factor must be the effect of strain produced by the magneto-strictive 
change of dimensions which accompanies magnetization. It is impossible to 
prepare a ferromagnetic substance which is perfectly strain-free, because as it 
_ cools through the Curie point, the substance changes from a paramagnetic to a 
ferromagnetic state, resulting in stresses which cannot be entirely removed, 
however careful and prolonged subsequent annealing may be. We know from 
direct experiment how important such stresses can be 5 for example, a nickel 
wire under severe longitudinal stress can only with difficulty be magnetized 
parallel to its axis, because the domain vectors under these circumstances tend 
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to set perpendicular to the axis of the wire. In the case of hard-drawn nickel 
unstrained by external forces, they set preponderantly along the axis. In fact, 
it can easily be proved that if we apply a tension of F dynes per sq. cm. toa domain 
in nickel, for which E, is small, we have to supply strain energy per unit volume, Ep, 
equal to 3A,F sin? d, in order to turn the vector through an angle ¢ from the 
direction of the applied tension, A, being the saturation longitudinal magneto- 
striction coefficient. 

Finally, in addition to E,and Ep, we have the field energy per unit volume Ey, 
which is the energy of position or potential energy of the domain magnetization 
with respect to the applied field ; it is not the energy located in the material itself, 
as we shall see later. This is clearly equal to — HI, 7 cos 8, where @ is the angle 
between the domain vector and H. Consequently, to sum up, the domain vector 
must set in such a direction that E,+Ep+Ey is a minimum. It follows im- 
mediately that only when the material is approximately strain-free does E, decide 
the direction of the vector, and that only when Ey is greatly in excess of E, and Ep 
can its direction be fixed uniquely. Now, there must always exist a minimum 
internal stress equal to F;=A,Y, where Y is Young’s modulus for the material, 
because the latter gains its ferromagnetism and is correspondingly distorted on 
cooling through the Curie point. It is therefore appropriate to divide ferromag- 
netic materials into two groups according as E> Ey or not. 

We may now give a somewhat more definite picture of what takes place when 
we magnetize a ferromagnetic substance like iron, for which E, is always > Ep, 
where, in fact, tensions considerably above the elastic limit would be needed to 
make HE, approach Fin magnitude. Let us consider two adjacent domains, such 
as 1 and 2 in figure 1, whose vectors are at 90 degrees with respect to one another 
and with what is termed a 90-degree boundary between them. Let us plot the 
difference in the energy minima per unit volume, denoted by E, — £,, as we proceed 
through the two domains in the x direction; i.e. we imagine unit volume around 
any given point to have its vector pointing first as in 1 and then as in 2. It will 
be represented by a curve of the form ABCDEF, figure 2, when no field is applied, 
so that the boundary is located by the point of intersection A on the x axis. On 
establishing an effective field H, parallel to x, the energy difference is decreased 
by HyJo, 7, which may be regarded as equivalent to raising the x axis by this amount, 
so that it takes up the position B,B and intersects the curve at B, which now 
represents the new boundary position. Proceeding in this way with larger values 
of the applied field, successive points of intersection representing a 90-degree 
boundary displacement are obtained. This displacement is magnetically reversible 
until we reach the point C, but once the field is increased beyond the value for C, 
a region is found where the x direction of the vector is particularly favoured, 
and the boundary moves forward rapidly to positions given by such points of 
intersection as E. The change between C and E is magnetically irreversible 
and forms a Barkhausen discontinuity. On decreasing the field the minimum D 
is reached before a similar Barkhausen change takes place in the reverse direction, 
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When two adjacent domains whose vectors are anti-parallel are under con- 
sideration, it is necessary to imagine a transition layer between them analogous 
to the layers considered in surface-tension problems. The experiments of 
Sixtus and Tonks (1931) show that a critical field must be exceeded if a more 
favoured domain is to grow at the expense of another. This means that such 
changes are irreversible. They undoubtedly account for the majority of the 
Barkhausen discontinuities, particularly in the region below the knee of the 
hysteresis curve. 

Now, the fields, necessary to cause the two types of boundary displacement 
to continue until all the domain vectors in the iron crystal are set parallel to the 
cube edge most nearly coincident with the direction of the applied field, are not 
large. If it is further desired to turn the direction of magnetization from parallel 
to the cube edge through an angle of less than 90 degrees to exact alignment with 
the applied field, the change may occur only by rotation of the vectors, since no 


Figure 2. Illustrating energy changes involved in boundary displacements. 


further boundary displacements are possible; strong fields must be used and, 
consequently, HI, 7>A,F;. Hence, when the boundary displacements found 
on the steep part of an (J, H) curve come to an end and rotations commence, 
a marked kink appears in the curve. As far as is known these rotations are 
reversible. It is actually possible to harden a polycrystalline nickel wire by cold 
working so that it is isotropically and homogeneously strained to such an extent 
that Ey>E,, and all magnetization of the wire occurs by rotations alone. 
Usually, of course, in polycrystalline. materials, boundary displacements and 
‘rotations are superimposed and their effects are often difficult to disentangle. 
This is particularly the case with exceptionally hard materials, like steels, where 
irreversible processes are evident in all changes in magnetization. 
An attempt will now be made to examine how boundary changes and rotations 
occur in the several portions of a typical hysteresis cycle for a soft material. 
PHYS. SOC. LIII, 4 ; 32 
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Referring to figure 3, we consider first the initial portion Oa of the virgin curve, 
whose slope or initial susceptibility is determined by the relative numbers of 90- 
and 180-degree boundary changes. In general, for annealed specimens, the 
90-degree changes predominate, and the number of 180-degree boundaries 
depends on the method by which the specimen was demagnetized, e.g. by reversals 
with D.C. or by gradually decreasing an A.C. field, prior to the measurement 
of I and H. We know that the path Oa is magnetically reversible, so that the 
boundary changes there are most probably reversible too, and we therefore con- 
clude that only in exceptional circumstances is the number of 180-degree boundary 


Figure 3. Interpretation of the hysteresis curve. 


SSS =05055 Reversible 90 and few 180 degree boundary displacements. 
—-—-—-W— Mainly irreversible 180 degree boundary displacements. 
cot xxxxxxxx Mainly reversible 90 and 180 boundary displacements. 
Reversible rotations. 


changes large in this region; indeed, it appears to be large solely in the case of | 


carbonyl iron. Approximate expressions for the initial susceptibility may 
therefore be deduced. 

Thus, for a nickel rod under severe internal stress (as distinct from severe 
stress caused by external forces which cause all the domain vectors to set per- 
pendicular to the axis of the rod and give an initial susceptibility ky = 4 . I,?/A,F;) 
ky can be shown (Becker and Doring, 1939) to be ap proximately equal to 27 2/) F.. 


The latter expression, strange as it may seem, differs but little from that for a sub- ~ 


stance with F’; very small and for which 90-degree boundary displacements are 
of overwhelming importance. Assuming, therefore, that the minimum value 
of F';may be taken equal toA, Y, the maximum value of the initial permeability could 
not greatly exceed 1+47 51 2/AeY, i.e. about 12 000 e.m.u. per c-c.; this is in 
good accord with some of the experimental values for pure iron, which could 


not be explained on a simple rotation picture, but is much lower than the 
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values obtained with specially treated materials, which are due, presumably, to 
180-degree boundary displacements. 

Returning to figure 3, the steep part ab is mainly due to irreversible 180-degree 
boundary changes. The bend or “knee” of the curve which is produced by 
the superposition of huge numbers of the sharp kinks found with single crystals is 
located at 5, where the effective field is approximately equal to the coercivity 
H,. ‘Vhis knee represents the transition from the region of 180-degree boundary 
changes to the region cd in which nearly all changes in magnetization are due to 
reversible rotations. If we increase the field beyond the point d we leave the 
region of technical magnetization processes and enter’the region, so well explored 
in magneto-caloric experiments, where further magnetization results from the 
reorientation of individual electron spins alone. 

On decreasing the field the magnetically reversible portion of the path de 
is traversed, and the magnetization thereafter decreases because of reversible 
90-degree and, possibly, a few 180-degree boundary displacements, until the 
point e at the intersection of the curve with the J axis is reached. The field is 
then reversed, and a little beyond e the reversible boundary displacements are 
completed when the curve descends steeply to f because of irreversible 180-degree 
boundary displacements. There is no advantage in discussing the remaining 
stages of the cycle as all the essential features can be appreciated from the above 
description. 

The intercept J, on the J axis is the retentivity. In the case of magnetically 
soft materials it is easy to see, from a consideration of the symmetry of the distribu- 
tion of the vectors about the direction in which the field was formerly a maximum 
and the absence of vectors pointing in the reverse direction, that J, should be 
equal to J,/2. However, there is usually sufficient magnetic interaction between 
neighbouring domains to make J,>I,/2. It should be noted that the coercivity 
Of cannot be greater than the residual induction, 47J,. . 

In the case of heavily strained materials there should be very little difference 
between the demagnetized state and the state /=[,, the only real difference being 
that certain of the domain vectors are oppositely directed in the two states. Hence 
the differential susceptibility k, at [=J, should be equal to the initial suscepti- 
bility, and this is supported by experiment. Thiessen (1940) has found for a 
nickel wire in which homogeneous, isotropic, large internal strains have been 


ik (; 2F 


produced by special cold working, that k= 3F\3 ~ 15 F she :) when an 


external stress F’ is applied. | 

For lightly strained materials we expect a different relation to hold. In the 
case of iron, Becker calculates that k,/Ry=1 — (2/m) =0°364, while for nickel the 
smaller ratio 0°328 is obtained. In other words, the value of the ratio k,/Ro 
should never fall below 0°3, but, if in a rare case this should happen, as, apparently, 
it does with carbonyl iron, it is easy to explain it by postulating that 180-degree 


as well as 90-degree boundary displacements are involved. 
32-2 
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I now wish to examine in some detail the information which we may obtain 
from the heat changes which accompany magnetization processes. Different 
materials, of course, show very different heat losses, and I remind you of the very 
wide range of losses exhibited by iron-nickel-cobalt alloys. 

I now propose to describe to you some experiments carried out by Dra ze 
Weston and myself which were recently published in the Proceedings of the 
Physical Society (Bates and Weston, 1941). It is generally accepted that the 
energy liberated in a complete hysteresis cycle is given by the expression 


H 
$ ad, 
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a statement which is sometimes known as Warburg’s Law. Let us assume that 
HdI correctly represents the whole energy supplied to a ferromagnetic specimen 
in any part of a hysteresis cycle and that it is accompanied by an increase dE in 
internal energy. For the present we will confine attention to specimens which are 
not subjected to applied mechanical forces, neglecting those provided by the 
presence of the atmosphere, so that we may write dE=d(E,+ Ey), where Ep 
refers only to the energy associated with strain of internal origin. ‘The changes 
are adiabatic, so that we may write 
HdI=(0E/Ol)pdI+(OE/OT);dT. (1) 

Now, HdI can be obtained directly from magnetic measurements, while the 
second term on the right-hand side of equation (1) represents that part of the 
change in the internal energy which manifests itself as an increase in tempera- 
ture, and can be obtained directly from thermal measurements now to be described. 
In fact, we may write 


(3E/A1)pdI = Hdl —dO,, 


and we may therefore determine (0E/0/)p at any stage in the magnetization of a 
ferromagnetic, which means that we can say whether E£ increases, decreases or 
remains constant with change in J at any point on an (J, H) curve, equation (2) 
being independent of whether the change is reversible or not in a thermodynamic 
sense. Equation (2) brings out the importance of considering thermal changes 
with reference to changes in J instead of to changesin H. The thermal measure- 
ments were made by a new method which has been described in detail in these 
Proceedings this year, so that I need only refer to them briefly here. A number 
of thermocouple circuits were used; the “ hot’ junction of each thermocouple 
was placed in direct contact with the ferromagnetic specimen with the “ cold ” 
junction quite close thereto, but thermally insulated therefrom except for con- 
duction along the material of the couple. Each thermocouple circuit was con- 
nected in series with its own insulated primary winding, of some 20 turns of low 
resistance wire wound on a mu-metal spiral core or ring which served as the core 
of a transformer. ‘The secondary coil of 2 000 turns of low resistance wound on 
the core was connected to a special form of moving coil galvanometer or flux- 
meter, The latter was peculiar in that the magnetic field was provided by an 
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electromagnet while the ferromagnetism normally found in its moving coil was 
artificially increased to provide a negative restoring couple, i.e. a couple in 
opposition to that provided by the suspension, so that an instrument of long 
period and very high sensitivity resulted. 

The temperature-measuring system was calibrated by producing standard 
adiabatic changes of temperature of the order of 0:001° c., by applying known 
longitudinal stresses to the specimen. Joule showed that when a tension of 
F dynes is suddenly applied to a metal rod there occurs an adiabatic fall of 
temperature AT given by 
pe Ch AD 


Pw Ho: Ais sees (3) 


_ where « is the coefficient of linear expansion of the rod, T the absolute temperature 
F the mechanical equivalent of heat, and p, C and A are respectively the density, 
specific heat and area of cross-section of the rod. We see then that the application 
of F really causes the absorption of a quantity of energy ¥. p. CAT per c.c. of 
the specimen; this is particularly helpful, since in hysteresis experiments it is 
the heat liberated or absorbed per c.c. which is measured. 

We will now consider a few representative results obtained by Weston 
and myself, working mainly with nickel, because this metal can be obtained in 
a very pure state, its magnetostriction is moderately isotropic, and it has been 
subjected to close theoretical study. In figure 7 of the paper by Bates and Weston 
are plotted the data recorded for a hard-drawn rod of nickel, 99°98% pure, 
with less than 0°001% S, less than 0°02% C and a trace only of other impurities. 
The data were obtained by starting with the nickel in a field of 194 oersteds, 
decreasing the field to zero and then increasing it to 194 oersteds in the opposite 
direction. Starting from the left-hand side of the figure, the full-line curve 
represents the successive values of UdQ,, or Q,, obtained by adding the several 
steps of dQ,, plotted against the appropriate values of J. The broken line repre- 


sents the ({Har mee } curve calculated from the magnetic measurements made by 


the ballistic method, and the dotted line represents the ( [Har —-Q,,1 ) curve. 


In order to save space the additional data which were obtained by reducing the field 
to zero once more and then increasing it to its maximum value in the original 
direction have not been plotted. They would merely lie on a similar (Q,, [) 
curve which can be obtained by rotating the printed full-line curve about the 
axis of ordinates while displacing it parallel to that axis until the first point on the 
left-hand side rests upon the furthermost point on the right-hand side. The 
experimental values of the retentivity are indicated by /,,,, or /, on figure 7 and the 
remaining figures in the paper. 
In figures 15 and 16 of that paper are shown the results obtained with 
specially annealed nickel of the same composition as that used for figure 7 
when maximum fields of 200 and 400 oersteds respectively were used. 
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The contrast between figures 7 and 15 brings out the profound effects 
of annealing, while that between figures 15 and 16 indicates the effects of 
applying fields sufficiently high to magnetize the specimen - beyond the 
regions in which kinks are observed in the (J, H) curves for single crystals 
of nickel. In all these figures it is seen that when H=0 and J=1,, (0E/dI)p 
is always zero. This means that (0(E,+E£,)(0l)p=0 when J=I,. In other 
words, in these circumstances the changes in crystal energy are exactly 
compensated by the changes in strain energy. Indeed, for one particular 
specimen of nickel 99°67 °% pure, containing 0°04, 0:02, 0:04, 0°08, 0°01 
and 0°14°% of C, Si, Cu, Fe, Mn and Mg respectively, it was found that 
(@E/0I) was equal to zero for all values of J ; but this specimen was exceptional. 
The lower the coercivity of the nickel specimen the more pronounced was the 


minimum value of ( | Haz —0,). Moreover, (0E/01)p was negative whenever 


the magnetization processes were magnetically reversible and positive when they 
were magnetically irreversible, a statement which also applies to magnetization 
experiments with virgin material. 


For all the (hard-drawn) nickel-iron alloys studied, ( | HdI—- OF} was always 


positive for the magnetization cycles, (@E/dJ) being zero when J=/, and practi- 
cally zero over a wide range of J extending from this state. There appeared to 
be no essential difference other than magnitude between the thermal behaviour 
of mu-metal and permalloy, which show very small magneto-striction, and 42 % 
nickel-iron alloy which has a very large volume magneto-striction. ‘The results 
for a hard-drawn 36:3 °/ nickel-iron alloy whose constitution approximates to 
that of invar is shown in figure 25 of the paper. 

In all the experiments, Warburg’s law was found to hold with an accuracy 
of better than one per cent fora single cycle. In fact, Bates and Weston used the 
law to determine the coefficient of linear expansion of invar. They first observed 
for a complete cycle the sum of the deflections of their temperature-measuring 
system corresponding to Q,. This sum was equivalent to the quantity of heat 


+H 
which they calculated from $ HdI. In other words, the magnetic data were 
+H 


used for calibration purposes. The invar rod was then loaded suddenly and the 
deflection measuring the heat absorbed was noted, and « was calculated from 
equation (3), the value so found being 0°411 x 10-6 per °c. 

The behaviour of nickel under severe tension is shown in figure 23 of the paper. 
It is immaterial whether the specimen is originally annealed or hard-drawn. The 
thermal changes are very small and, consistent with the Becker’s theory, there is 
no sign of cooling anywhere in the cycle. Actually, traces of reversible heating 
and cooling were found with a load of 8°57 kg. per mm?, but there was no cooling 
at 12°2 kg. per mm*, in agreement with Kirchner’s finding that the magneto- 
striction varied linearly with J? only when the load exceeded 10 kg. per mm? 

In this lecture I have tried to explain to you the importance of the modern 
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domain conception of magnetization processes. We have seen how it is supported 
by experiments on the Barkhausen effect, on the magnetic properties of nickel 
and permalloy under strain, and, finally, by the experiments on heat losses. The 
; theory, in my opinion, has come to stay, and I only hope that you have enjoyed 
listening to this lecture as much as I have enjoyed giving it. ; 
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ABSTRACT. A source of ultra-high-frequency oscillations was coupled to a long 
antenna AB at a point O. By terminating one end B of the antenna with a reflecting 
surface of the substance under investigation, standing waves were produced between 
the reflector at B and the input at O. Resonance conditions along OB were detected 
by a thermojunction in the portion OA of the antenna and were controlled by altering 
the length OB. The phase change ¢ produced on reflection was calculated from the 
difference in the resonant lengths OB with and without the reflecting termination. From 
the current distribution along OB, the amplitude reduction factor p was determined. The 
electrical and optical constants of the reflecting substance were then calculated from 
their known relationships to the Fresnel reflection coefficient pe!?. 

From the measurements with clay soils with different moisture content it was found 
that the refractive index increased from 2°6 to 3°6, the dielectric constant increased from 
about 5 to 11 and the electrical conductivity increased from 1°5 x 10° e.s.u. to 1°8 x i? 
e.s.u. as the moisture content of the clay increased. The frequency used was 407 
megacycles. 

It is believed that the values of the phase change ¢ were measured to within | per 
cent, and that the amplitude reduction factor p was measured to within 3 per cent. 


§1. INTRODUCTION 


of the electrical and optical properties of various substances such as 
soils, water, etc., for wireless waves from about 70 to 80 cm. in length. 


To object of the experiments described below was to determine some 
High-frequency methods for measuring these properties usually involve some 
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modification of Drude’s Lecher-wire method (Drude, 1897) or entail the use of 
a suitably designed condenser in which the substance under investigation is the 
medium between the plates. Smith-Rose and McPetrie (1934) used the former 
method for measuring the electrical properties of soils, whilst others—the most 
recent being Cheng (1940)—used the latter method. A reflection method 
recently described by McPetrie (1934) is based on the early theoretical work 
of Fresnel. Fresnel has related the refractive index, the extinction coefficient, 
the dielectric constant and the electrical conductivity of a substance to its re- 
flection coefficient by the well known conceptions of a complex refractive index 
and a complex dielectric constant. The problem thus resolves itself into a 
measurement of the reflection coefficient, which, in turn, can be calculated from 
the absorption and phase change produced when incident electromagnetic waves 
are reflected from the substance under investigation. The reflection method 
devised by McPetrie involved the projection of ultra-short wireless waves verti- 
cally downwards from an elevated transmitter. After normal reflection from the 
ground, the incident and reflected waves combined to give a resultant wave, the 
amplitude of which was a maximum at such distances from the ground that the 
two component waves differed in phase by an integral number of wave-lengths. 
The positions of these maximum fields were detected by the occurrence of 
current maxima in a receiving aerial suspended between the transmitter and the 
ground. Such maxima were found to be situated A/2 cm. apart (A being the 


wave-length), indicating a phase change of = (3) or 27 as required for successive 


reinforcements between the incident and reflected waves. ‘The displacement 
of the peaks from their positions when the reflector was a mat of copper gauze 
and when it was a given kind of soil enabled the phase change ¢ (relative to 
copper) to be calculated from the formula * 4 = 47x/A, where x is the displacement. 

McPetrie calculated the absorption factor p from the reduction in amplitude 
suffered by the wave after reflection. From these data the Reflection coefficient R 
can be determined from the usual equation: 


R=pe’. 


The method used in the present investigation is a development of work by 
Palmer and Gillard (1938) on the current distribution in a long transmitting 
antenna. It was found that the current in that part of a long antenna which 
was (say) above the point where the power was fed in was a maximum or a mini- 
mum depending on whether the impedance of the “effective length’ of that 
portion of the antenna below the feeding point was a maximum or a minimum 
respectively. By ‘‘effective length” J, (figure 1) is meant the geometrical 
length J of the lower portion of the antenna plus the equivalent length y of the 


* McPetrie used the formula $=27x/A, which necessitates a correction to his values for the 
dielectric constant and conductivity. The former need to be reduced, but it happens that the 
latter are only slightly affected. 
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reflecting termination. This equivalent length of the 
reflecting termination is defined by the equation y=Ad¢/4z, 
where ¢ isthe phase change between the incident and re- 
flected waves. Thus the difference (J,—/) determines the 
phase change produced on reflection at the end of the antenna. 
By terminating the antenna with a metal sheet or by sticking 
it into the earth’s surface or into a trough of liquid, the phase 
changes resulting from these several substances may be 
measured with considerable ease and precision. The method 
has the advantage that no instrument is incorporated in that 
2» portion of the antenna under measurement, the current 
being measured by an instrument included in the upper 
portion of the antenna, the length of which is immaterial. 
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bution measurements were made along that portion of the 
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ok To obtain the absorption coefficient p, current-distri- 

¢ 

ee antenna near to the reflector. By taking current-amplitude 
Figure 1. ratios close to the reflector, changes in amplitude due to 


losses along the antenna itself were avoided. 
The elementary theory of the method is given in the following section. 


§2. THEORETICAL CONSIDERATIONS 
In figure 1 let / be the geometrical length of that portion OB of the antenna 
AB which is below the energy input point O, and let BC be the equivalent length 
y due to a phase change ¢ after reflection at B. The phase change is equal to 
the distance travelled by the wave in going from B to C and back; that is, 


P=4ry/A=4ar(ly—DiA. nn eee (1) 
If the total or resultant current at any point P a distance x cm. from O is I7, 
then 


2m , 
Ip=I, cos {wt — 2ax/A—(2n + 1)7} +I, cos | wt = + 2y-+ (I-A) : 


where J, and J, are the amplitudes of the incident and reflected waves respectively. 
erence 


1/2 
ee (18412421, ess = ey Ses (2n 1)" 43) : 


r 
& 
where « is the phase lag between the incident and resultant currents. 

When the current at any point T (figure 1) in the upper portion of the antenna 
is a minimum, the length of the lower portion is such that the total reactance 
of the length / together with the additional length y is ZeT0, and Jp is a maximum 
and wis zero. It follows from (2) that current maxima will occur for values of x 


cos| {wt ut =(2n+1).m}=a] Basia (2) 


iven b 
— -esiorer afr vie ght mnie loess malate (3) 
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that is, at points situated an odd number of quarter-wave- -lengths measured 
from C, a distance of y cm. beyond the lower end B of the antenna. 

The values of the maximum and minimum currents will be Ip (™2*) = 1,40 

The modulus | R| of the complex reflection coefficient is equal to the ratio 
LA 1t= p) ierice 

| R | = 2 gn = La nin = 0. ahi cen aa (4) 
Ip (max) +L (min) 

If these values of Ip be measured as closely as possible to the reflecting 
termination at B, then their ratios will be practically independent of the aerial 
attenuation. For this reason the resistance and leakance of the antenna have 
not been considered in the foregoing elementary treatment. 

With R in the form pe/* or p(cos $+] sin ¢), we have (following resney 


n =(n—jk) and x’'=(k—j. 2a/f), 


where 7 and «’are the complex refractive index and dielectric constant respectively, 
n and « the ordinary refractive index and dielectric constant respectively, k the 


extinction coefficient and a/f the ratio of the electrical conductivity to the wave — 


frequency. 
,_ 1—p?— 2p sin ¢ 
H Se eee 
ence eats Ts Coney 
leading to n= (1 —p?)/(1 4+ p*-F2p cosd), — 19" See (5) 
_. (L=p*)=4pt sin? ¢ (6) 
(1p? 2pcosh)® © a eee 
and Aol 20S. 4 (7) 


~ (1+ p?+ 2p cos 6)? | 


Instead of calculating the values of x and o from the above formulae, they 
may be read directly from the ingenious graphs published by McPetrie (1934), 
in which his K =p cos ¢, K’= —p sin ¢ and d=tan"! (— K'/K). 


§3. EXPERIMENTAL DETAILS 
The oscillator used in the present experiments was that described by Palmer 


and Gillard (1938) and the wave-length generated was 73°7cm. The oscillatory 


circuit was loosely coupled to a straight vertical antenna which was constructed 
from sections of 5/16-inch diameter brass rods. The sections were of different 
lengths and could be screwed together so that the length OB (figure 1) could be 
varied in steps of 1 mm. or more up to a total length of several wave-lengths. The 
introduction of washers 1 mm. thick was necessary in order to make accurate 
determination of ¢. A rod sliding in a closely fitting brass tube was also used 
for fine adjustment. 


For determining the critical values of /, the current at T (figure 1) was measured 


ee ee 
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by a vacuum thermojunction connected by suitably screened horizontal leads 
to a microammeter. 

Because of the flow of current past O to compensate for unavoidable resistance 
losses, the reading of the microammeter was never zero. The minimum value 
was obtained when the lengths AO and OB were adjusted so that the impedance. 
of the former was a maximum and the impedance of the latter a minimum 
(Palmer and Gillard, 1938, equations (3) and (4)). Furthermore, it was found 
that the adjustment of OB or / was most sensitive when the length AT was about 
a quarter of a wave-length. ‘This ensured that the thermojunction at T was 
situated at a current antinode. 

These adjustments are not essential, and theoretically AT and TO can be 
any lengths whatsoever, and the current at T should always be zero when / is 
critically adjusted. 

Measurements were first made of three or four critical lengths /,;, for an open- 
ended antenna (see figure 4). Similar measurements were then taken with 
different terminations at B. In particular, circular copper discs were screwed 
on the end of the antenna, or the antenna was lowered into large trays of different 
samples of soil. Other experiments were made in the open field where the area 
of the earth-termination was unlimited. Experiments are in progress with various 
liquids. 

It was found in practice that the critical values of / varied appreciably with 
the size of the terminal plate or tray of soil. Consequently, when an unlimited 
area could not be procured, as in the the case of copper, it was necessary to obtain 
a (y, radius) graph (table 1 and figure 2) from which the maximum value of y for 
a copper disc of infinite radius could be determined. The points on figure 2 
were obtained by using terminal discs varying in radius from 1 to 16 cm. 

Other factors remaining constant, the capacity of the antenna terminating 
plate depends directly on its radius. Consequently, from a priori considerations 
it might be anticipated that the variation of the capacity effect with the disc radius 
would get less and less as the radius approaches infinity. In other words, the 
effect on the phase change of increasing the radius r of the plate should get less 
and less as the plate gets larger and larger and as the actual phase change 4 
approaches the maximum value ¢y for a plate of infinite radius. 

Hence dd/dr = K(¢)—¢), where K is some constant, 1.€. 


dyidr 21 Vo—V), ne ee (8) 


where yy =Ady/427 and y = (Ip — Leopper) of figure 2. 

Equation (8) has not been established rigorously, but has been interpolated 
from the experimental data and shown to have a reasonable physical basis. It 
therefore serves our present purpose in that it enables the required correction to 
be obtained from the experimental measurements. ‘Thus (and therefore ¢o) 
fora plate of infinite radius may be determined directly from an intercept of the 
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(dy/dr, y) graph. ‘The experimental values of r and yand the calculated values 
of dy/dr are given in table 1. 


Table 1 


0-05* |'0-05* 


0-45 loose 


dyfar 3-6 | 2-81 | Dia 135 | 0:65 


* These figures are less reliable. 


From the resulting graph (figure 3) it follows that yy=18°5 cm., which is 
A/4 to within the errors of the experiments. Thus the values of J,opper must be 


(lo iam leopper) cm.—_—> 


i 


Radius r cm.—-—> 


Figure 2. 


corrected by an amount (16:3-18°5) or —2:2 cm. in order to take account of the 
limited extent of the 16 cm.-radius terminal reflecting plate. 


By integrating equation (8) and introducing the boundary condition y=0 
when r=0, we get 


yay heer™)..0o0 ny ass eee (9) 
This is an equation for the graph in figure 2, the asymptote being 
(J a Legooee) a) = o> 18:5 cm.~A/4. 
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No correction was necessary for /,,,, because the measurements given in 
figure 4 were taken in a field the dimensions of which were practically unlimited 
compared with the wave-length. 

In the case of /,;, the error was in the opposite sense, in that the area of the 
end of the 5/16-inch rod was not infinitely small but had an appreciable capacity 
effect which made the experimental value of /,;, too short. This error was 
overcome by tapering the end of the rod to a fine point of negligible area. With 
an antenna tapered in this way the measured values of /,;, (given in figure 4 and 
in table 2 below) were greater by 2°25 cm. than the critical lengths obtained with 
the untapered rod. This correction may also be obtained directly by reference 
to point A in figure 2. 

The measurements of / and the calculations of ¢ are given and discussed 
in the following section. 


Figure 3. 


In order to calculate p, current-distribution curves were plotted from data 
obtained by moving a second thermojunction from B towards Oin the lower part 
of the antenna. ‘The thermojunction was inserted in a short section of brass rod 
which could be incorporated as a section of the antenna at any chosen position 
by suitably adjusting the length of the screwed sections above and below the 
junction. For these measurements it is desirable, but not necessary, to know 
the effects on J of introducing the thermojunction. ‘This was readily obtained 
in equivalent cm. of antenna rod by noting the change in / necessary to maintain 
constant minimum current at T with and without the thermojunction in OB. 
It was found that the junction, leads and microammeter were equivalent to about 
9:5 cm. of antenna rod at the frequency of 407 megacycles used in this 
work. Although this correction does not affect the measurements of the ratio 


Ip cnimy/L7 maxy tt does enable current-distribution curves to be shifted along 
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the axis of abscissae to their proper relative positions, which would otherwise 
be displaced, due to the shortening effect of the thermojunction. 

The value of peopper Will be too small, owing to the limited area of the reflecting 
plate, whilst the value of pair will be too big, due to spurious reflections from the 
surroundings. The former error can be eliminated by using a large copper sheet 
for the reflector, or can be corrected by obtaining a (p, 7) graph similar to the 
(y, r) graph of figure 2. In the case of pai, it was not possible to eliminate stray 
reflections even with a horizontal antenna. But as neither peopper NOL Pair 1S 
required for the attainment of the present objectives, the experiments with the 
open-ended antenna and with the copper plate termination were only pursued 
as far as was necessary to get reliable values of the critical resonant lengths, with 
which the equivalent lengths for other reflectors have to be compared. 

These difficulties in measuring p do not arise in the case of the clay soils, for 
which an unlimited area was available and for which the ground reflections are 
an essential factor in the measurements. 


§4. RESULTS AND DISCUSSION 


Figure 4 depicts to scale the values of / for air, clay, wet clay and copper antenna 
terminations. The actual curve represents a hypothetical incident wave. Itis 
significant that 1ji.>lgay>leopper and hence ¢dair< 
Peaay<Peopper, leading to the conclusion that all 
phase changes on reflection are less than 180°, as 
is required for a positive value of the electrical 
conductivity [equation (7)]. The sensitivity of the 
current variation at T (figure 1) was such that, in 
the case of air and copper, / could be adjusted to 
about 2 mm. and in the case of the clay soils to 
about 3mm. Since 47/A is 9°8 with the wave- 
length of 73°7 cm., the accuracy to which ¢ could be 
measured was about 2° in the case of copper and 
<wet clay 162-9 about 3° in the case of soils. ‘These values are 
‘Cay ——*163°9_ relative to air, for which zero phase change was 
assumed, that is, J) (figure 1) is experimentally 
determined by measuring /,;, with the tapered 
antenna. 

Figure 4. The values for the copper reflector in figure 4 

have been corrected by subtracting 2:2 cm. from 

the actual measured antenna lengths in accordance with figures 2 and 3. Thus 
the values of y for copper are 


142°8—124-4=18'4 cm. } 
180°2—161°6=18'6 cm. }+giving a mean of 18°5 cm, 
218'°2—199:°7=185 cm. J 
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47185 720 x18°5 
A et ese 
In order to calculate the optical and electrical constants of copper it is necessary 
to measure both ¢ and p with much greater accuracy than the present refinements 
of this method permit. Consequently, only the data for clays are included in 
table 2 above. It may be noted, however, that, when J,opper is corrected for the 


Thus Pekar = 180°-6. 


limited area of the reflecting plate, the corresponding values of Ji, and lcopper differ 


by A/4 to within 0°5 per cent. Therefore either an open-ended antenna or one 
with a copper reflector might be used as the standard from which other phase 
differences could be compared with little loss in accuracy. But because of the 
inability to obtain a very large sheet of copper, the critical resonant lengths for 
air have been used as the standards of comparison in this work. 


Distance from terminal reflector B (cm.)=(I—x) em. 
Figure 5. 


For convenience, the curves have been shifted relative to each other, as indicated above. 


The critical lengths for clay soils and the resulting values of ¢ calculated from 
equation (1) are collected together in table 2. 

Typical current-distribution curves are shown in figure 5. The ratios 
Ip min) 7 max) for clays have been determined from the nodes and antinodes 
nearest to the origin. The resulting values of p (namely, 0°55 for clay and 0°6 
for wet clay) are given in the table. It is difficult to estimate the accuracy to 
which p has been determined, but it is probably not more than about 3 per cent. 

From these data the refractive index, the dielectric constant and the electrical 
conductivity of clay soils with different degrees of wetness have been calculated 
from formulae (5), (6) and (7), the frequency being 407 megacycles. For 
comparison, McPetrie’s determinations (recalculated in accordance with the 
footnote on page 480) are included, 
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§5. CONCLUSION 


It is difficult to compare the various results given in table 2 because of the 
different natures of the soils, the different degrees of wetness and the different | 
frequencies employed. But, with the exceptions of the low values of 7 and « 
for damp soil (McPetrie, 1934), they are all of comparable magnitudes respectively. 
It would appear that the dielectric constants are, on the whole, rather lower than 
the value of 10 which was assumed by McPetrie. On the other hand, the values 
of the electrical conductivities, as measured in the present work, lie between the 
extreme values calculated from the data of McPetrie. ‘The mean value is about 
1°5x10° e.s.u. Because the present measurements were made on one wave- 
length—73°7 cm.-—it is possible to study the effect of moisture on the 
various constants. As may be anticipated from theoretical considerations, 
all three constants increase with increase in the moisture content of the soil— 
the refractive index from 2°6 to 3°6, the dielectric constant from about 5 to 11 
and the electrical conductivity from 1°5 x 10° e.s.u. to 1°8 x 10° e.s.u. These 
changes cannot be related quantitatively with the moisture content of the soil, 
because no specific analyses were undertaken in the experiments described above. 
Some controlled experiments on wet clays are now in progress from which 
it is hoped that a definite relationship between the electrical and optical constants 
and moisture content will be forthcoming. 
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ON ULTRA-HIGH-FREQUENCY OSCILLATIONS GENERATED BY 
MEANS OF A DEMOUNTABLE THERMIONIC TUBE HAVING 
ELECTRODES OF PLANE FORM, by W. A. LEYSHON 


DISCUSSION? 


Mr. W. E. Benuam. The results in this paper appear to be of considerable 
interest, particularly those illustrated by figure 11. A few questions arise :— 

(1) On page 143 it is stated that the (log 7,, log V,) curves were all straight 
lines with a slope of 3/2 for space-charge limited currents. How exactly is this 
true? Could a small discrepancy be traced due to initial velocities ? 

» (2) In figure 9, grid volts are taken as V, —$V,. Was this done for the 
other figures? 

(3) In connection with the experiment described on page 150, was it possible 
to obtain good results with G, considerably below K, in potential? This arrange- 
ment is more suitable in the brake field triode than to take V =O at the plate. 
Was there any means of measuring oscillation efficiency ? 

(4) On page 152, the range of oscillation for a diode is given as 0:97T<t< 
1:317. ‘This should more exactly be T<t<1-43T (opt. 1-217). However, 
my calculations, allowing for grid transparency (provisional, but based in 
part on previous published work), show that for the first oscillation range 

1197 27, 167 Li(opt 1437 ) 
should hold for the space next to the filament, and apparently 

0-37T<t,<1-00T (opt. 0-66T) 
should hold for the space between the grids. 

The latter value is calculated ignoring space charge (justified by high electron 
speeds). Both sets of figures are obtained assuming that the amplification 
constant pu is very large. 

The use of a plane instead of a cylindrical geometry removes the limitation 
that the grid-plate space alone can contribute negative conductance. It should 
thus be possible to arrange matters so that both spaces are contributing maximum 
negative conductance. ‘This will be the case if 

t,=1-43T and t,=0-66T7. 
Then will, =24167,. 

If, further, the current in the KG space is just space-charge-limited and that 
in the G,G, space is insufficient to affect appreciably the potential distribution 
there, 

t/t, = 3d,/dy ; 
and, therefore, did 5= 0-7 2. 


* See this volume, part 2, p. 141. 
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In the above, T=periodic time of generated oscillation, 
t, =transit time from K to G, KG=d,, 
f= ttaucit ume trom G., to G,, GG, =ds, 
It is understood that the above estimate is subject to further calculation. 


Autuor. I should like to thank Mr. Benham for his interest in the results 
given in the paper, and for giving the ranges of oscillation his theory predicts 
for my tube. 

Taking in turn the points he has raised— 

(1) The characteristic (log i, log V,) curves were drawn in the first instance 
as a test of the degree of vacuum in the experimental tube; the results were 
probably not accurate enough to detect a small discrepancy due to initial velocities ; 
the mean values of the slopes of the graphs, however, differed in no single instance 
by more than 1-4 per cent from 3/2. 

(2) The value (V,—4V,) was used in finding A1/Vq ranges and in the 
(log iy, log V,) graphs. The characteristic curves in figures 4, 6, 8 and 10 (a) 


were drawn taking V, as actually measured (from the negative end of the 
filament). 


(3) My records show that system 1 would oscillate with G, at —18 v. with 
respect to the negative end of the emitting filament Ky, G, being at +160 v. 

In general, however, I found in using the various systems as triodes that 
decreasing Vj. from zero (K, emitting) diminished the strength of oscillation. 
I had no absolute method of measuring oscillation efficiency, but relative 
efficiency is indicated by the value of Az,/to, where Azy = maximum change of grid 
current from the steady value, corresponding to optimum conditions of oscillation. 

(4) The diode range was inaccurately quoted in the paper, so that the fre- 
quency interval, given as 1:35 on page 153, should read 1-43. The new range of 
oscillation for the KG spaces predicted by Mr. Benham corresponds to the 
slightly smaller value 1-40. 

The observed frequency intervals given in table 2 (page 153) are of the 
order predicted for this space; they do not in any single instance approach 
the value 2:7 predicted for the G,G, space when it alone provides the negative 
conductance, but this would hardly be expected, since both spaces probably 
contribute to the resultant conductance. 

Mr. Benham was correct in assuming that 4 was very large for the systems 
used. 

The new ranges of oscillation given by Mr. Benham for my tube, and his 
prediction of an optimum value of d,/ds, have led me to write a short note on 
oscillation generation in it, which I hope will be published in these Proceedings 


in due course. 
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Test for Night Vision, designed by W. D. Wricut. (London: Sir Isaac Pitman 
and Sons, Ltd., 1941.) 25s. 


Dr. Wright has succeeded in his object of providing a simple apparatus for testing 
night vision, which can be operated by persons with no special training in pie 
or sight-testing. Nine cards are supplied, each printed with a broken circle of 44 inches 
diameter on a black ground, the lightness of the broken circle diminishing in steps from 
white (card No. 1) to a dark grey (card No. 9). ‘The cards can be exposed in turn in the 
simple wooden framework supplied, which also carries the light source, a small disc of 
radium luminous compound held in front of the card at a distance of 7 in. ‘The test 
must be carried out in a completely darkened room, and consists in determining the 
card of highest number for which the dark-adapted observer can still perceive the 
position of the gap in the broken circle when viewing the card at a distance of about a 
foot. 

It was a good idea to use the slowly decaying radium compound as a standard light 
source, the ‘‘ life ’’—about eighteen months—not being so short as to make renewal 
irksome. The production of printed cards of given and unchanging reflection factors 
is difficult, but the requirements here are not severe, and the publishers should be able 
to maintain the necessary constancy. The brief but clearly written instructions explain 
that about 49 per cent of observers can see card No. 7, 23 per cent can see card No. 8, 
and soon. ‘This information, and a table showing the relative amounts of light required 
by observers who can just see the different cards, provide a basis for interpreting the 
results of the test. ‘The approximate value of the illumination of the cards, or better, 
since the luminescent light is green, the equivalent (scotopic) white illumination, might 
well have been stated. 

Especially in these days, many are interested in grading personnel with respect to 
night vision, and to all these Dr. Wright’s test may be recommended. W.S.S. 


Why Smash Atoms?, by A. K. Solomon. Pp. xii+174. (Cambridge, Massa- 
chusetts: Harvard University Press; London: Sir Humphrey Milford at 
Oxford University Press, 1940.) 14s. net. 


Complete success in the writing of a popular or semi-popular scientific book is most 
difficult to achieve. However, in the present instance the author has made a most 
gallant and spirited attempt, and even if he has not entirely avoided the statement of half- 
truths, the bétes noires of any such popular presentation, he has at least given some very 
clever analogies, and has included a most splendid collection of photographs as illustrations 
to the text. Some of the most pleasing aspects of this book are, however, the little 
biographical details which the author has included when referring to scientists of note. 
The physics of the book is a trifle disappointing ; in many instances the author seems 


to have become a little incoherent and has conveyed a meaning a shade different from 
that which he intended. W. B. M. 
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Practical Solution of Torsional Vibration Problems, Vol. 1, by W. Ker Wi1son. 


se Edition. Pp.xx+731. (London: Chapman and Hall, Ltd., 1940.) 
Se Met, 


The need arises from time to time for painstaking authors who render valuable 
services by compiling and editing full information regarding a particular niche of 
knowledge. Dr. Ker Wilson is such an author, and he is to be congratulated on the 
thoroughness with which he has accomplished his task. The theme of his book is 
practical and of no inconsiderable importance. His six chapters, comprised within 
some seven hundred pages, deal with the following items :—I, Torsional vibration ; 
II, Natural frequency calculations ; III, Equivalent oscillating systems ; IV, Flexible 
couplings ; V, Geared systems; VI, Determination of stresses due to torsional 
vibration. In addition, there is an appendix on the effective inertia method of torsional- 
vibration analysis, with special reference to aero-engine/airscrew systems; also numerous 
examples taken variously from marine, electrical, aeronautical and automobile engineering. 

The author has attempted to deal with difficult and complicated problems by ele- 
mentary methods, and on the whole he may be said to have done this successfully. But — 
the avoidance of “‘ mathematical”? methods does not necessarily result in simplification. 
For instance, in fairly common systems with the crank masses equally arranged, concise 
expressions can be and have been found for frequency equations on a trigonometrical 
basis, in contrast to the elaborate algebraic processes which go on growing with increasing 
number of crankshaft throws. ‘Thus the example, given on p. 59, of a generator direct- 
coupled to a six-throw in-line engine can be done in a few lines as an elementary exercise 
in trigonometry, and the amount of labour involved is almost independent of the number 
of throws. The computation thus saved is considerable in cases where the engine- 
frequency curves are to be coupled with the airscrew-frequency curves of an engine/ 
airscrew system. In connection with this last mentioned problem, the reviewer finds 
it difficult to understand the author’s statement on p. 693 :— 

“The plotting of the tuning curve for the engine or basic system presents no serious diffi- 
culties, however many masses and shafts compose the engine system and whether the engine is 
geared or not. The real practical difficulty arises when attempting to plot the effective inertia 
curve for the airscrew, since the mass-elasticity characteristics of the airscrew blades cannot be 


correctly represented by a series of concentrated masses connected by massless shafts, and the 
problem is so complex that no complete mathematical analysis has yet been made.” 


Regarding this it is as well to remember that it has become customary for crankshaft 
systems to be more or less arbitrarily represented by a series of pulleys connected by 
massless shafts of empirical flexibility in order to obtain a tractable basis of solution. 
It is realized that some such artifice must be adopted owing to the limitations of the 
analytical machine and the imperfectly understood or unknown conditions which arise 
in the problem of finding the frequencies and modes of vibration of other than an idealized 
system. The order of accuracy achieved in regarding the airscrew as made up of a 
series of discrete masses connected elastically by massless members is certainly on a par 
with that which can be expected from the usual treatment of the engine system. Indeed, 
the method generally adopted for the engine ‘system, which method is given in the book 
“under review, cannot be regarded as more than a rough approximation, although it 
does often give results which agree reasonably well with practical observation, at any 
rate for the fundamental frequency, and in some instances the first overtone. 

The book deals with torsional vibration in a most exhaustive fashion, and, having 
regard to the assumptions made, is sound both in general and in detail. There is no 
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question that it will rank as a major contribution to the literature of the subject, useful 
to practical engineers and research workers alike. 

The bibliography is somewhat unbalanced. For instance, there is no mention of 
Morris’s Strength of shafts in vibration nor any of the numerous contributions he has made 
to the subject matter of the book under review, yet there is mention of two of his early 
papers on the whirling of crankshafts which have no bearing on the problem of torsional 
vibration. 

It is rather strange to find no mention of Rayleigh in a treatise on vibration, par- 
ticularly as Rayleigh’s influence coefficients play so important a part in the solution of 
vibration problems (see, for instance, Rayleigh’s Principle, by Temple and Bickley). 

Also, a mention might have been made of the pioneer effort of Chree, Sankey and 
Millington, who appear to have been the very first writers in this country to draw 
attention to the possibility of resonant torsional vibration in power-driven systems. 


The Identification of Molecular Spectra, by R. W. B. Prarsr, D.Sc. and A. G. 
Gaypon, Ph.D. Pp. viii+221. (London: Chapman and Hall, Ltd., 
1941) o 425, ce. | 


None of the books that have hitherto appeared on molecular spectra has been de- — 
liberately planned, as this one is, as a guide to the practical spectroscopist in the often 
troublesome work of identifying the bands in his spectrograms. It is true that some — 
of them, written by practising spectroscopists, include many observational data in tables, 
in diagrams and in reproduced spectra ; but the manner of presentation of such material 
in other books is adapted to the theme of the text, namely, the analysis of band systems 
and individual bands of various types in accordance with the quantum theory of the 
structure of molecular spectra ; emphasis is naturally laid on the derivation and tabulation 
of numerical constants for the electronic states and the vibrational and rotational levels 
of the molecules. ‘To meet other needs of the laboratory spectroscopist, especially the 
identification of bands in a composite spectrum, demands an entirely different plan, such 
as that of the book now before us, which is, in a very real sense, supplementary to works 
of the kind just referred to. ‘This Society’s Report on Band Spectra of Diatomic Molecules, 
for example, may now be said to have in Pearse and Gaydon’s tables a particularly 
appropriate supplement, which is not less welcome, and far more extensive, than if it 
had appeared with the Report nine years ago. 

Copies of this book will quickly find their way into spectroscopic laboratories through- 
out the civilized world as a necessary item of their equipment, and will be well thumbed 
by many workers who wish to avoid the old troubles and pitfalls. For example, an 
investigator, not always an entirely inexperienced one, may observe in the spectrogram 
of a discharge in a carefully prepared and cleaned tube containing highly purified 
materials some ultra-violet bands which he cannot immediately recognize and which 
may belong to the very system he is seeking for a certain molecule MX ; he measures 
the band-heads and makes a more or less complete and correct vibrational analysis. 
With care he may now succeed in identifying the system, either by a search through 
original papers or by a calculation of the positions of band-heads from a vibrational 
formula with coefficients from a table such as Appendix II of this Society’s Report. 
Failing that, he will do well to supply data or prints to his colleagues or others who may 
be familiar with the bands. The bands will, not infrequently, turn out to be part of the 
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CO Third Positive, the CO Fourth Positive or the CS ultra-violet system, or a few of 
Schumann’s O, absorption bands due to air in the optical path outside and inside the 
spectrograph. While glad to have avoided a wrong assignment, he will be surprised and 
disappointed to know that his tube contains impurities in such easily appreciable quanti- 
ties. Many a less cautious and less experienced observer has taken no such precautions, 
but rushed into print with his scanty data and a highly speculative discussion of the 
energy levels and behaviour of his particular emitter MX ; thus, the CS molecule, to 
take but one example, has appeared in the literature several times erroneously attributed 
to S, or other emitters. 

Proper use of Pearse and Gaydon’s book will obviate all this. 

The book consists mainly of two sections: (i) a table of data for 1532 persistent 
band-heads arranged in order of wave-length from 10603 a. to 2006 a.—corresponding to, 
say, Kayser’s Tabelle der Hauptlinien der Linienspektra aller Elemente ; and (ii), the much 
larger section, a set of lists of data for separate band systems, arranged in alphabetical 
order, of the neutral and ionized molecules (254 diatomic and about 34 tri- and poly- 
atomic) to which the systems are attributed. From a comparison of the wave-length 
and degradation of an unrecognized strong band with the data listed in (i) we obtain a 
clue to the identity of the system and its emitter ; then, by reference to the particulars for 
that system in (ii), we obtain a check from the presence or absence of other bands of the 
system. ‘This process of double reference is now repeated for bands of other systems 
of the same molecule and of any other molecule having an element in common with it ; 
e.g., having identified a system of C, and one of N,, we look for other systems of C, and Ng 
and for systems of CN, CO and NO (since air or O, may not be entirely absent from the 
source). 

The importance of atomic lines in this work is emphasized, and a table of about 400 
persistent lines of elements in alphabetical order of their chemical symbols is provided. 
In view of the utility and rapidity of direct comparison as a means of identification, six 
plates of well chosen and beautifully reproduced band spectrograms are included. In 
addition, there are two plates of comparison spectra (Fe, Cu, Hg, Ne) for use in wave-length 
measurement. The work is completed with a ten-page section containing valuable 
practical hints on matters which are often troublesome to the beginner and seldom 

treated in text-books, and a six-page index of authors and subjects. 

That the planning of the tables and the method of using them, as briefly outlined 
above, are admirably suited to the purpose of the work has been proved in advance by 
an extensive and successful trial in the laboratory, where the authors’ colleagues (in- 
cluding the reviewer and his collaborator) were privileged to use the MS as the plan of 
the work was being evolved in the last year or two before the war. In a work of this 
magnitude it cannot be expected that perfection will have been attained at once ; indeed, 
in the present perusal of it the reviewer has detected a few points where minor typo- 
graphical improvements might be made in the second edition, which, it may confidently 
be hoped, the book will reach in spite of the present difficult conditions. Notes of these 
have been passed on to the authors, who, no doubt, will welcome similar notes from other 
users of the book. 

It is most fitting that this excellent work, which every spectroscopic laboratory will 
acquire sooner or later, should come from a laboratory where critical observation and 
accurate measurement are just as much the order of the day now as in the time of its 
distinguished founder, Alfred Fowler, to whom we remain indebted for so much that is 
sound in spectroscopic practice, W. J. 
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Classical and Modern Physics, a Descriptive Introduction, by Harvey E. WHITE, 
Ph.D. Pp. xiii+712. (London: Chapman and Hall, Ltd., 1940.) 27s. net. 


So strong and wide is the popular appeal of modern physics that there is now a demand 
not only for good elementary books on the subject, but also (in the U.S.A. at any rate) 
for courses of elementary lectures and demonstrations giving the necessary groundwork 
in classical physics before expounding the modern developments. For some years 
Professor Harvey White has been giving such a course in the University of California 
at Berkeley, and has now founded this book upon it. In the preface he explains that 
his aim has been to give an interesting presentation of the science of physics to those who 
regard the subject as an essential part of their cultural background, and notes that the 
tremendous response of Letters and Arts students to the latter part of his course is con- 
vincing proof that modern physics can be taught even to the beginner with no previous 
scientific training. ‘To this appreciation by Professor White’s audiences will now be 
added the thanks of a still wider public for his lucid exposition in this beautiful book. 

Each subject treated is started as nearly as possible at the beginning, is developed in 
such a way that it can be followed by a student with some knowledge of the simplest 
principles of algebra and plane geometry, and is adequately illustrated with diagrams 
and photographs. Further, in the presentation of modern physics, the order of its 
historical development is followed as closely as possible: for each new subject we have, 
whenever possible, a brief account of the discovery, an experimental demonstration of the 
phenomenon, a discussion of practical applications and relevant experiments, and finally 
a brief account of the theory and its experimental confirmation. 

After an Introduction consisting of two chapters on optical illusions and units of 
measurement, there are ten parts, each containing from three to six chapters. Parts I-VI, 
- which occupy rather more than half the volume, deal in a most attractive manner with the 
older subjects—Mechanics, Properties of Matter, Heat, Sound, Electricity and Magnetism, 
and Light. Part VII, which is the first to treat of the more modern developments, and 
is devoted to the phenomena of discharges through gases, consists of three chapters on 
the discovery of the electron, atoms and the periodic table, and x rays. In the five 
chapters of Part VIII we have an introduction to the quantum theory and atomic 
structure, with descriptions of radioactivity, spectra and their classification, and the 
photo-electric effect. Atomic and nuclear processes are dealt with in the five chapters 
of Part IX, under the headings of photon collisions and atomic waves, cosmic 
rays, atomic collisions and nuclear disintegrations, induced radioactivity, and the 
atomic nucleus. Part X, dealing with astrophysics, consists of three chapters on 
the sun, the stars and the theory of relativity. Questions and numerical problems are 
set at the ends of the chapters, and answers are given at the end of the book. Two 
biographical features are included, which add much to the interest of the book: a 
selection of footnotes on outstanding men of science and a list of Nobel laureates in 
physics and the subjects for which the prizes were awarded. A table of stable isotopes 
is also appended, and a good 16-page index is provided. 

The few corrections and suggestions which the reviewer has to offer are being sent 
to the author with a view to the second edition rather than noted here. The book is 
heartily recommended to all who wish to derive the maximum enjoyment from their 
physics. ‘To members of our Physical Society the brief descriptions and beautiful 
illustrations of the Berkeley cyclotron and the great telescopes in California (in Parts [X 
and X and the frontispiece) will be of particular interest in the year when the Duddell 
Medal has gone to Lawrence himself and the 200-inch telescope has formed the subject 
of the ‘Thomas Young Oration, W. J. 
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